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The classification of Lorentz- and CPT-violating operators in nonabelian gauge field theories is
performed. We construct all gauge-invariant terms describing propagation and interaction in the
action for fermions and gauge fields. Restrictions to the abelian, Lorentz-invariant, and isotropic
limits are presented. We provide two illustrative applications of the results to quantum electrody-
namics and quantum chromodynamics. First constraints on nonlinear Lorentz-violating effects in
electrodynamics are obtained using data from experiments on photon-photon scattering, and correc-
tions from nonminimal Lorentz and CPT violation to the cross section for deep inelastic scattering
are derived.
I. INTRODUCTION
Nonabelian gauge theories, introduced by Yang and
Mills in 1954 [1], play a central role in physics. Applica-
tions to particle physics such as the Standard Model (SM)
typically combine nonabelian gauge invariance with the
foundational Lorentz symmetry of relativity. In recent
years, however, attention has been drawn to the possibil-
ity that tiny violations of Lorentz symmetry could arise
in a unified theory of gravity and quantum physics such
as strings [2], triggering many searches for potentially
observable signals in laboratory experiments and astro-
physical observations [3]. Studies of Lorentz-violating
nonabelian gauge theories are therefore of immediate in-
terest in the phenomenological context.
Using effective field theory [4], a realistic and compre-
hensive description of Lorentz violation encompassing the
nonabelian gauge symmetry of the SM can be developed.
This approach starts with the SM action coupled to Gen-
eral Relativity (GR) and adds all coordinate-independent
terms formed as the contraction of a Lorentz-violating
operator with a coefficient governing the size of its
physical effects. The resulting framework is called the
Standard-Model Extension (SME) [5, 6]. The SME also
provides a general description of CPT violation in real-
istic field theory because CPT invariance follows from
Lorentz invariance in effective field theory [5, 7].
In Minkowski spacetime, the SME is a Lorentz-
violating nonabelian gauge theory based on the gauge
group SU(3)×SU(2)×U(1). The subset of terms con-
structed from operators with mass dimensions d ≤ 4
forms the minimal SME, which is power-counting renor-
malizable. In a scenario with the SM and GR emerg-
ing as the low-energy limit of a unified theory of quan-
tum physics and gravity, operators with smaller d can be
expected to dominate the low-energy Lorentz-violating
physics. The experimental viability of any specific
Lorentz-violating model compatible with realistic effec-
tive field theory can be determined by matching the
model parameters to the corresponding subset of SME
coefficients and their known experimental bounds [3, 8].
Most treatments of Lorentz violation to date empha-
size effects in the minimal SME. For the nonminimal
sector, a complete enumeration exists of operators at
arbitrary d that modify the gauge-invariant propaga-
tion of various particle species, including scalars, Dirac
fermions, neutrinos, photons, and gravitons [9, 10]. How-
ever, much less is known about the general form of gauge-
invariant interactions at arbitrary d. In particular, no
general treatment of the nonabelian case exists to date,
although a few works consider special nonminimal non-
abelian Lorentz-violating operators [11–18]. Even in the
comparatively simple case of Lorentz-violating quantum
electrodynamics (QED), only a subset of interactions for
d ≤ 6 has been systematically classified [19].
The focus of the present work is closing this gap in
the literature. We exhibit here a construction of Lorentz-
violating terms at arbitrary d in the Lagrange density for
a generic nonabelian gauge field theory with fermion cou-
plings. The case of Lorentz-violating QED emerges as the
abelian limit of this theory. For definiteness, we assume
here a Minkowski background spacetime and an action
invariant both under a nonabelian gauge group and un-
der spacetime translations, thereby insuring conservation
of energy and momentum. This setup generates a frame-
work appropriate for many experimental applications, as
we illustrate below with examples drawn from Lorentz-
violating QED and from the theory of Lorentz-violating
quantum chromodynamics (QCD) and QED coupled to
quarks. The operators constructed here are potentially of
formal theoretical importance in contexts such as studies
of causality and stability [20] and the recently uncov-
ered links to Riemann-Finsler geometry [10, 21]. They
also offer prospective applications to searches for Lorentz-
invariant geometric forces extending GR such as tor-
sion [22] and nonmetricity [23], as well as to studies of
phenomenological Lorentz-violating scenarios focusing on
operators with d > 4 such as supersymmetric models [24]
and noncommutative quantum field theories [25].
This work is organized as follows. In Sec. II, we demon-
strate that any gauge-covariant combination of covariant
derivatives and gauge-field strengths can be expressed
in a standard form, and we derive some useful proper-
ties. The general nonabelian gauge field theory including
Lorentz and CPT violation is constructed in Sec. III. We
present in turn the fermion sector, the pure-gauge sector,
and the fermion-gauge sector of this theory, providing in
tabular form the explicit expressions for all operators of
2mass dimension d ≤ 6. This section also considers sev-
eral limits of interest, including Lorentz-violating QED,
Lorentz-violating QCD and QED, the Lorentz-invariant
restriction, and the isotropic case.
Two experimental applications of the results are con-
sidered in Sec. IV. One is the effect on light-by-light
scattering of certain nonminimal operators in Lorentz-
violating QED. Data from an experiment at the Large
Hadron Collider (LHC) are used to obtain first con-
straints on some coefficients for Lorentz violation. The
second application is to deep inelastic scattering (DIS).
Corrections to the cross section for electron-proton scat-
tering arising from certain nonminimal Lorentz- and
CPT-violating operators are obtained. Throughout this
work, our conventions follow those of Ref. [9]. In particu-
lar, the Minkowski metric ηµν has negative signature, and
the Levi-Civita tensor ǫκλµν is defined with ǫ0123 = +1.
II. GAUGE-COVARIANT OPERATORS
One goal of this work is to classify and enumerate all
terms in the Lagrange density for a Lorentz- and CPT-
violating nonabelian gauge theory. For this purpose, it
is useful first to establish a standard basis spanning the
space of all gauge-covariant operators. A generic term in
the Lagrange density can then be decomposed in terms of
the standard basis. In this section, we identify a suitable
standard basis and establish some of its properties.
A. Setup
Consider a gauge field theory of a Dirac fermion ψ
taking values in a specific representation U of the gauge
group G. Assuming G is a compact Lie group, a suit-
able inner product can be chosen to make the represen-
tation unitary [26], UU † = U †U = 1. Under a gauge
transformation, ψ transforms covariantly by construc-
tion, ψ → Uψ, while its Dirac conjugate ψ ≡ ψ†γ0 trans-
forms as ψ → ψU †.
Acting on ψ, the gauge-covariant derivative can be
written as Dµψ = ∂µψ − igAµψ, where g is the gauge
coupling constant and Aµ is the gauge field in the U rep-
resentation. Since U is unitary, Aµ is hermitian. By def-
inition, the covariant derivative satisfies Dµ → UDµU †
under a gauge transformation, and so the gauge field
obeys Aµ → UAµU † + (i/g)U∂µU †.
The commutator of two covariant derivatives acting
on ψ generates the gauge-field strength Fµν in the U
representation, [Dµ, Dν ]ψ = −igFµνψ. Like Aµ, Fµν
is hermitian. Under a gauge transformation, Fµν →
UFµνU
†. The action of the covariant derivative on
the field strength is DµFβγ = ∂µFβγ − ig[Aµ, Fβγ ],
while the product of two covariant derivatives acting
on the field strength obeys Dµ(DνFβγ)−Dν(DµFβγ) =
−ig[Fµν , Fβγ ].
The above results imply that a gauge transforma-
tion on single covariant derivatives of the fields yields
Dµψ → U(Dµψ) and Dµψ → (Dµψ)U † for fermions,
along with DµFβγ → U(DµFβγ)U † for the gauge-field
strength. By induction, we can prove that multiple co-
variant derivatives on each field transform according to
Dα1 · · ·Dαnψ → U(Dα1 · · ·Dαnψ),
Dα1 · · ·Dαnψ → (Dα1 · · ·Dαnψ)U †,
Dα1 · · ·DαnFβγ → U(Dα1 · · ·DαnFβγ)U †. (1)
It is convenient to call an operator O a gauge-covariant
operator if O → UOU † under a gauge transformation.
Gauge-covariant operators are of interest in the present
context because they can be used to construct gauge-
invariant terms such as tr(O) and (O1ψ)O2ψ, which are
therefore candidates for inclusion in the general Lagrange
density for the Lorentz-violating gauge field theory. In
particular, we see that any operator O formed as a mix-
ture of D and F is gauge covariant.
B. Result
In principle, one could construct the desired general
Lagrange density for a Lorentz- and CPT-violating gauge
field theory by adding all possible gauge-invariant opera-
tors to the usual minimal-coupling terms. However, this
procedure would introduce substantial redundancies due
to relations among the gauge-invariant operators. In-
stead, we can characterize gauge-covariant operators in
terms of a standard basis set, which can then be used
to construct the Lagrange density with controlled or no
redundancy.
The key result is that the gauge-covariant operators
formed as any mixture of D and F can be expressed as
a linear combination of operators of the standard form
(D(n1)Fµ1ν1)(D(n2)Fµ2ν2) · · · (D(nm)Fµmνm)D(nm+1),
(2)
where D(n) = (1/n!)
∑
Dα1Dα2 · · ·Dαn with the summa-
tion performed over all permutations of α1, α2, · · ·αn. In
what follows, we prove this result and present some of its
properties.
1. Proof
For the proof, we suppose that the operator (2) acts
on ψ. An analogous argument applies for the case where
the operator acts on F instead.
Given a gauge-covariant operator O formed as an arbi-
trary mixture of D and F , we first use standard product
rules likeDµFαβDν = (DµFαβ)Dν+FαβDµDν to express
it as a linear combination of terms in the block form
O =
∑
(DD · · ·DF ) · · · (DD · · ·DF )DD · · ·D, (3)
where all subscripts are omitted for simplicity. Each
covariant derivative D then acts on at most one field
3strength F . To prove the main result, it therefore suffices
to show that terms like Dα1Dα2 · · ·Dαn can be expressed
as linear combinations of the form (2).
We use mathematical induction. For n = 1, Dα1 al-
ready takes the form (2). Assume that for n ≤ k the
term Dα1Dα2 · · ·Dαn can be written as a linear combi-
nation of terms having the form (2). Then, for n = k+1
we must consider Dα1Dα2 · · ·DαkDαk+1 . Replacing the
first k derivatives by the appropriate linear combina-
tion of terms having the form (2) yields expressions with
the structure (D(n1)Fβ1γ1) · · ·D(nm+1)Dαk+1 . This shows
that it suffices to focus only on the term D(nm+1)Dαk+1 .
If nm+1 ≤ k − 1, then we get at most k covariant
derivatives. By induction, all such terms can be written
as a linear combination of terms having the form (2).
For nm+1 = k, we must consider D(k)Dαk+1 . The in-
dex symmetries of this product can be displayed using
Young tableaux,
1 2 ··· k ⊗ k+1 = 1 2 ··· k k+1 ⊕ 1 2 ··· k
k+1
. (4)
The first Young tableau on the right-hand side represents
D(k+1), which has the claimed form. We can therefore
limit further consideration to the second Young tableau.
We can prove that the expression involving the sec-
ond Young tableau contains least one factor of the field
strength F . Explicitly, we can write this expression in
the form
D(α1Dα2 · · ·Dαk)Dαk+1 −D(αk+1Dα2 · · ·Dαk)Dα1
=
2
k
k−1∑
t=0
D(t)D[α1D(k−t−1)Dαk+1], (5)
where the parentheses around indices indicate sym-
metrization with a factor of 1/k! and the brackets in-
dicate antisymmetrization on α1 and αk+1 with a factor
of 1/2. Note that this result is symmetric under the in-
terchange of the indices in D(t) with those in D(k−t−1).
A specific term inside the sum in Eq. (5) takes the form
D(t)D[α1D(k−t−1)Dαk+1] = D(t)D[α1Dαk+1]D(k−t−1)
+D(t)D[α1 [D(k−t−1), Dαk+1]].
(6)
The first term on the right-hand side involves
[Dα1 , Dαk+1 ] = −igFα1αk+1 , thus confirming the appear-
ance of a factor of F . For the second term, we note that
D(t)Dα1 [D(k−t−1), Dαk+1 ]
= 1(k−t−1)!
∑
D(t)Dα1 [Dβ1Dβ2 · · ·Dβk−t−1 , Dαk+1 ]
= 1(k−t−1)!
∑
D(t)Dα1
(
Dβ1 [Dβ2 · · ·Dβk−t−1 , Dαk+1 ]
+[Dβ1 , Dαk+1 ]Dβ2 · · ·Dβk−t−1
)
= 1(k−t−1)!
∑(
D(t)Dα1Dβ1 [Dβ2 · · ·Dβk−t−1 , Dαk+1 ]
−igD(t)Dα1Fβ1αk+1Dβ2 · · ·Dβk−t−1
)
,
(7)
where the summations are over all permutations of
β1, β2, · · ·βk−t−1. Continuing this reductive process
yields a string of terms, each of which contains one
factor of Fµν along with (k − 1) covariant derivatives.
Therefore, every term in the expression for the sec-
ond Young tableau in Eq. (5) involves at least one
field strength F . Each such term has the general form
Dγ1 · · ·DγsFµνDγs+1 · · ·Dγk−1 . Using product rules as
before, we can transform this into the block form (3). In
each block, we have at most k − 1 ≤ k covariant deriva-
tives. By the induction assumption, these terms can all
be written as linear combinations having the form (2).
This completes the induction step and proves the claimed
result.
2. Linear independence
The above argument shows that the basis (2) of gauge-
covariant operators is complete, but it leaves open the
question of linear independence. The situation in this
respect can differ depending on whether the group G is
abelian or nonabelian.
Consider first an abelian gauge field theory, for which
D(n)Fβγ = ∂(n)Fβγ . Note that ∂(n1)Fβ1γ1 commutes
with ∂(n2)Fβ2γ2 and also that the operators {∂(n)Fβγ}
are linearly independent for different n. A complete set
of linearly independent basis operators can therefore be
selected as
{(∂(n1)Fβ1γ1) · · · (∂(nt)Fβtγt)D(nt+1)|n1 ≤ · · · ≤ nt}.
(8)
This set can be used to classify all gauge-covariant op-
erators formed from mixtures of D and F in QED, in a
manner free of redundancy.
For a nonabelian group, the noncommutativity of
products of the field strength F implies that gauge-
covariant operators having the form (2) are generically
linearly independent. When G is SU(2), for example, the
three generators of G are mutually noncommutative, im-
plying that basis elements of the form (2) are linearly
independent.
However, if a nonabelian G has an abelian Lie sub-
group of dimension two or more, the choice of linearly
independent basis becomes more intricate. In QCD, for
example, U is the vector representation of the gauge
group SU(3), which has a subgroup U(1)×U(1) homo-
morphic to the torus T 2. This subgroup is spanned by
3×3 commuting matrices with diagonal elements of the
form {eiθ1, eiθ2 , e−i(θ1+θ2)}. Gauge-covariant operators
for basis elements in U(1)×U(1) can therefore be taken
to have the form (8), while other basis elements are of
the form (2). This shows that in a nonabelian gauge field
theory the selection of a basis for the gauge-covariant op-
erators depends on the gauge group. For simplicity in
what follows, we adopt basis elements of the form (2) for
nonabelian gauge field theory and tolerate any ensuing
partial redundancy.
43. Hermitian conjugation
For some of the applications to follow, it is useful to
have explicit expressions for the hermitian conjugates of
the component terms in the gauge-covariant operators
(2) and of general fermion bilinears. We obtain these
next.
First, we prove the identity
(D(n)Fβγ)
† = D(n)Fβγ . (9)
To begin, use direct calculation to show (DαFβγ)
† =
DαFβγ . We can then use mathematical induction to
show that (Dα1 · · ·DαnFβγ)† = Dα1 · · ·DαnFβγ for any
n, as follows. The result is true for n = 1. Assuming it
holds for n = k, we find
(DαDα1 · · ·DαkFβγ)†
= ∂αDα1 · · ·DαkFβγ + ig[Dα1 · · ·DαkFβγ , Aα]
= DαDα1 · · ·DαkFβγ . (10)
The result therefore also holds for n = k+1, as required.
The desired identity (9) then follows by symmetrization
on indices.
For conjugation of expressions involving fermions, two
results are useful. For one, the identity (9) directly im-
plies
(D(n)Fβγ)ψ = ψ(D(n)Fβγ). (11)
The other identity involves hermitian conjugation
of a general gauge-invariant bilinear of the form
(O1ψ)ΓI(O2ψ), where O1 and O2 are gauge-covariant
operators and the spinor space is spanned by the 16 ma-
trices ΓI ∈ {1, iγ5, γµ, γ5γµ, σµν/2}. Following the argu-
ment in Sec. II B, we can choose O1 and O2 to have the
form (2) and thereby write the general bilinear as
(D(n0)ψ)ΓI(D(n1)Fβ1γ1) · · · (D(nm)Fβmγm)(D(nm+1)ψ).
(12)
To find the hermitian conjugate of the bilinear (12),
note that (Dµψ)
† = (Dµψ)γ0 and (Dµψ)
† = γ0(Dµψ).
In analogy with the proof of the identity (9), we can
use mathematical induction to show the two results
(D(n)ψ)
† = (D(n)ψ)γ0 and (D(n)ψ)
† = γ0(D(n)ψ). Re-
calling the relation ΓI = γ0Γ
†
Iγ0, we finally arrive at the
elegant conjugation identity
[(D(n0)ψ)ΓI(D(n1)Fβ1γ1)· · ·(D(nm)Fβmγm)(D(nm+1)ψ)]†
= (D(nm+1)ψ)ΓI(D(nm)Fβmγm)· · ·(D(n1)Fβ1γ1)(D(n0)ψ).
(13)
III. GAUGE FIELD THEORY
To construct the general gauge-invariant theory includ-
ing Lorentz and CPT violation, it is convenient to sepa-
rate the full Lagrange density L into three parts,
L = Lψ + LA + L′, (14)
where Lψ denotes the fermion sector including covariant-
derivative couplings, LA denotes the pure-gauge sector,
and L′ is a fermion-gauge sector containing products of
operators appearing in the first two parts. In this sec-
tion, each of these pieces of L are considered in turn.
We offer some observations about the general situation
and provide explicit expressions for terms of low mass
dimensionality.
A. Fermion sector
For a Dirac fermion, the general gauge-invariant La-
grange density Lψ involving self interactions and gauge
interactions via covariant derivatives can be expanded in
a series of the schematic form
Lψ = 12ψ(Dµγµ −m)ψ + h.c.
+ψQ̂ψ + h.c.
+(ψQ̂1ψ)
(
(D(m1)ψ)Q̂2ψ
)
+ h.c.
+(ψQ̂3ψ)
(
(D(m2)ψ)Q̂4ψ
)(
(D(m3)ψ)Q̂5ψ
)
+ h.c.
+ · · · , (15)
where Q̂, Q̂1, Q̂2, · · · are understood to be gauge-
covariant operators. Adopting the results in Sec. II, each
of these operators can be expressed as a linear combina-
tion of operators of the form
ΓI(D(n1)Fβ1γ1) · · · (D(nm)Fβmγm)D(nm+1). (16)
For brevity, the expression (15) for Lψ omits spacetime
indices in all but the conventional Dirac term and also
omits all coefficients for Lorentz violation. It is under-
stood that each term in Lψ comes with a coefficient
having spacetime indices contracted with all free space-
time indices on the total operator for that term, thereby
maintaining observer Lorentz symmetry of the theory [5].
Note also that no derivative D(n) acts on ψ in the first
bilinear of each unconventional term in Lψ. Any terms
with these derivatives are equivalent to the displayed ones
via partial integration, modulo possible surface terms in
the action.
For practical applications and to obtain explicit ex-
pressions, it is useful to expand Lψ in a series organized
according to the mass dimensions of the operators. This
series can be written as
Lψ = Lψ0 + L(3)ψ + L(4)ψ + L(5)ψ + L(6)ψ + · · · , (17)
where Lψ0 is the conventional Dirac Lagrange density
and where the superscript d on L(d) denotes the mass
dimension of operators included in L(d).
Table I displays all terms appearing in the fermion La-
grange density Lψ with mass dimension six or less. The
first column of the table lists the components of the La-
grange density. For d = 3 and 4, the terms displayed
are power-counting renormalizable and match the corre-
sponding ones found in the nonabelian sector of the min-
imal SME [5]. The component of the Lagrange density
5TABLE I. Terms of low mass dimension d ≤ 6 in the fermion Lagrange density Lψ.
Component Expression
Lψ0
1
2
ψ(γµiDµ −mψ)ψ + h.c.
L
(3)
ψ −im5ψγ5ψ − a
µψγµψ − b
µψγ5γµψ −
1
2
Hµνψσµνψ
L
(4)
ψ
1
2
cµαψγµiDαψ +
1
2
dµαψγ5γµiDαψ +
1
2
eαψiDαψ +
1
2
ifαψγ5iDαψ +
1
4
gµναψσµν iDαψ + h.c.
L
(5)
ψD −
1
2
m(5)αβψiD(αiDβ)ψ −
1
2
im
(5)αβ
5 ψγ5iD(αiDβ)ψ
− 1
2
a(5)µαβψγµiD(αiDβ)ψ −
1
2
b(5)µαβψγ5γµiD(αiDβ)ψ −
1
4
H(5)µναβψσµν iD(αiDβ)ψ + h.c.
L
(5)
ψF −
1
2
m
(5)αβ
F ψFαβψ −
1
2
im
(5)αβ
5F ψγ5Fαβψ −
1
2
a
(5)µαβ
F ψγµFαβψ −
1
2
b
(5)µαβ
F ψγ5γµFαβψ −
1
4
H
(5)µναβ
F ψσµνFαβψ
L
(6)
ψD
1
2
c(6)µαβγψγµiD(αiDβiDγ)ψ +
1
2
d(6)µαβγψγ5γµiD(αiDβiDγ)ψ
+ 1
2
e(6)αβγψiD(αiDβiDγ)ψ +
1
2
if (6)αβγψγ5iD(αiDβiDγ)ψ +
1
4
g(6)µναβγψσµν iD(αiDβiDγ)ψ + h.c.
L
(6)
ψF
1
4
c
(6)µαβγ
F ψγµFβγiDαψ +
1
4
d
(6)µαβγ
F ψγ5γµFβγiDαψ
+ 1
4
e
(6)αβγ
F ψFβγiDαψ +
1
4
if
(6)αβγ
F ψγ5FβγiDαψ +
1
8
g
(6)µναβγ
F ψσµνFβγiDαψ + h.c.
L
(6)
ψDF −
1
2
m
(6)αβγ
DF ψ(DαFβγ)ψ −
1
2
im
(6)αβγ
5DF ψγ5(DαFβγ)ψ
− 1
2
a
(6)µαβγ
DF ψγµ(DαFβγ)ψ −
1
2
b
(6)µαβγ
DF ψγ5γµ(DαFβγ)ψ −
1
4
H
(6)µναβγ
DF ψσµν(DαFβγ)ψ
L
(6)
ψψ kSS(ψψ)(ψψ)− kPP (ψγ5ψ)(ψγ5ψ) + ikSP (ψψ)(ψγ5ψ)
+(kSV )
µ(ψψ)(ψγµψ) + (kSA)
µ(ψψ)(ψγ5γµψ) +
1
2
(kST )
µν(ψψ)(ψσµνψ)
+i(kPV )
µ(ψγ5ψ)(ψγµψ) + i(kPA)
µ(ψγ5ψ)(ψγ5γµψ) +
1
2
i(kPT )
µν(ψγ5ψ)(ψσµνψ)
+ 1
2
(kV V )
µν(ψγµψ)(ψγνψ) +
1
2
(kAA)
µν(ψγ5γµψ)(ψγ5γνψ) + (kVA)
µν(ψγµψ)(ψγ5γµψ)
+ 1
2
(kV T )
λµν(ψγλψ)(ψσµνψ) +
1
2
(kAT )
λµν(ψγ5γλψ)(ψσµνψ) +
1
8
(kTT )
κλµν(ψσκλψ)(ψσµνψ)
with d = 5 is split into two pieces, L(5)ψ = L(5)ψD + L(5)ψF .
The first contains terms involving only symmetrized co-
variant derivatives, while the second contains ones in-
volving the gauge-field strength. Analogously, it is con-
venient to separate the component of Lψ with d = 6 into
four pieces, L(6)ψ = L(6)ψD+L(6)ψF +L(6)ψDF +L(6)ψψ, by group-
ing terms with related structures. Except for L(6)ψψ, the
terms with d = 5 and 6 are nonabelian generalizations of
ones already characterized in the QED context [19].
The second column of the table presents the explicit
expressions for the terms in the Lagrange density. To
match conventional notation used in the literature in the
QED limit [9], the coefficients in Q̂ associated with the
spinor matrices 1, iγ5, γµ, γ5γµ, and σµν/2 in operators
of odd mass dimension are denoted by −m, −m5, −aµ,
−bµ, and −Hµν , respectively, while those in operators of
even mass dimension are denoted by e, f , cµ, dµ, and gµν .
Following standard usage, the dimension d is omitted on
coefficients for d = 3 and 4. The labeling of spacetime in-
dices is chosen so that the indices α, β, . . . correspond to
gauge couplings while µ, ν correspond to spin properties.
Parentheses enclosing n spacetime indices represent total
symmetrization with a factor of 1/n!. Other symmetries
can be determined by inspection. The abbreviation h.c.
appearing at the end of some entries in the table implies
the addition of the hermitian conjugate of all previous
terms in the expression.
Each displayed term in the Lagrange density is the
contraction of a coefficient and an operator invari-
ant under nonabelian gauge transformations. Both
Lorentz-invariant and Lorentz-violating terms are in-
cluded. Physical effects violating CPT are produced by
terms containing operators with an odd number of space-
time indices, all of which violate Lorentz invariance [5, 7].
All coefficients can be taken as real constants in an in-
ertial frame in the vicinity of the Earth [5, 6], and each
coefficient has dimension GeV4−d. Note that the con-
ventional mass term is included as part of Lψ0 rather
than part of L(3)ψ . Also, the component of the coefficient
cµα proportional to ηµα represents a Lorentz-invariant
contribution that acts merely to renormalize the conven-
tional Lorentz-invariant kinetic term in Lψ0, so cµα can
be chosen traceless without loss of generality.
We remark in passing that the freedom to adopt suit-
able canonical variables by judicious use of field redefi-
nitions implies that some of the terms shown in the ta-
ble may describe the same effects as others and hence
can be removed without changing the physics. A simple
example is the term −im5ψγ5ψ, which modulo possible
anomalies can be absorbed into the conventional mass
term by a chiral redefinition of the Dirac field. A general
study of the implications of field redefinitions would be
of interest but lies outside our present focus.
6TABLE II. Terms of low mass dimension d ≤ 8 in the pure-gauge Lagrange density LA.
Component Expression
LA0 ∝ −tr(FµνF
µν)
L
(1)
A k
(1)µtr(Aµ)
L
(3)
A k
(3)κǫκλµνtr(A
λFµν + 2
3
igAλAµAν)
L
(4)
A −
1
2
k(4)κλµνtr(FκλFµν)
L
(5)
A −
1
2
k(5)ακλµνtr(FκλDαFµν)
L
(6)
A −
1
2
k
(6)αβκλµν
D tr(FκλD(αDβ)Fµν)−
1
6
k
(6)κλµνρσ
F tr(FκλFµνFρσ)
L
(7)
A −
1
2
k
(7)αβγκλµν
D tr(FκλD(αDβDγ)Fµν)−
1
6
k
(7)ακλµνρσ
F tr(FκλFµνDαFρσ)
L
(8)
A −
1
2
k
(8)αβγδκλµν
D tr(FκλD(αDβDγDδ)Fµν)−
1
6
k
(8)αβκλµνρσ
DF tr
(
Fκλ(DαFµν)(DβFρσ)
)
− 1
24
k
(8)κλµνρστυ
F tr(FκλFµνFρσFτυ)−
1
24
k
(8)κλµνρστυ
FF tr(FκλFµν)tr(FρσFτυ)
B. Pure-gauge sector
In the pure-gauge sector, gauge-invariant terms in the
Lagrange density LA can be constructed as traces tr(O)
in the group space [27] of gauge-covariant operators O
containing mixtures of covariant derivatives and field
strengths. Assuming the coefficients in the Lagrange den-
sity LA are constants and recalling the form (2) for arbi-
trary gauge-covariant operators, we find that the struc-
ture of a generic gauge-invariant term for the pure-gauge
sector can be written schematically as
LA ⊃ k···
(
tr
[
(DF )· · ·(DF )])· · ·(tr[(DF )· · ·(DF )]),
(18)
where all spacetime indices are suppressed and D de-
notes D(n). Note that the cyclic property of the trace
implies that the factor D(nm+1) in the form (2) is ir-
relevant here. Note also that some terms (18) may be
related to others up to a surface term via the identity
tr(O1DµO2) = −tr[(DµO1)O2], which holds for any two
gauge-covariant operators O1 and O2.
In the expression (18), k··· denotes a generic coefficient
having indices understood to be contracted with all in-
dices on the factors of D and F , thus insuring observer
Lorentz invariance of LA. For some terms, hermiticity
imposes a symmetry on the indices. The traces are un-
derstood to be taken in the U representation of the gauge
group G. If U is a reducible representation of a semisim-
ple Lie group, then the trace can be any combination of
traces taken in the irreducible subrepresentations.
In addition to gauge-invariant operators, the Lagrange
density LA can also contain operators that generate sur-
face terms under a gauge transformation. Although these
operators cause the Lagrange density to violate gauge in-
variance, they nonetheless leave invariant the action and
are therefore also of interest in the present context. Some
of these operators fall outside the construction (18) and
must thus be obtained separately, as described below.
The Lagrange density LA can be separated into com-
ponents containing operators of fixed mass dimension d.
It is convenient to write LA in the form
LA = LA0 +L(1)A +L(2)A +L(3)A +L(4)A +L(5)A + · · · , (19)
where LA0 is the conventional Yang-Mills Lagrange den-
sity in the U representation and the superscripts denote
the operator mass dimension.
Table II displays terms in the pure-gauge Lagrange
density with mass dimension d ≤ 8. The components
of the Lagrange density LA are listed in the first column,
while the second column contains the explicit expressions
formed via contractions of coefficients and field operators.
Note that both Lorentz-invariant and Lorentz-violating
terms appear, with the former emerging by specifying
coefficients purely in terms of the Minkowski metric and
Levi-Civita tensor. Any term involving an operator with
an odd number of spacetime indices is odd under CPT.
The coefficients appearing in the table have dimension
GeV4−d and can be assumed real and constant in an in-
ertial frame near the Earth [5, 6]. The notation for coef-
ficients adopted in the table is generic and can be used
for any gauge group G. Standard alternative notations
used in the literature for coefficients with d ≤ 4 appear in
physical applications involving certain limiting cases. For
each term in the second column of the table, the space-
time indices are chosen so that α, β, . . . are associated
with symmetrized covariant derivatives and κ, λ, . . . with
field strengths. Parentheses around a set of n spacetime
indices imply total symmetrization with a factor of 1/n!.
Other index symmetries are inherited from the antisym-
metry of Fµν or the cyclic property of the trace. For ex-
ample, the identity tr(FκλD(n)Fµν ) = −tr(FµνD(n)Fκλ)
implies a corresponding antisymmetry property for odd-d
terms quadratic in the field strength.
Some of the contributions at mass dimensions d ≤ 3 lie
outside the construction (18). The component at mass
dimension one involves the gauge field Aµ and is gauge
invariant up to a surface term provided k(1)µ is con-
stant. Note that this component vanishes if the gauge
group G is SU(N) but can be nonzero if G contains an
7abelian component. At mass dimension two, the only
contribution to the gauge-invariant action is of the form
L(2) = −k(2)µνtr(Fµν). This operator also vanishes for
SU(N) and more generally is a total derivative repre-
senting a surface term when k(2)µν is constant, so we
omit it from Table II. At mass dimension three, a gauge-
invariant term of the form L(3) ⊃ −k(3)αµνtr(DαFµν)
can be envisaged. This is again a term vanishing for
SU(N) and generically reducing to a total derivative
when k(3)αµν is constant, so we omit it from the table
as well. Another contribution at mass dimension three
contains the nonabelian Chern-Simon operator shown in
the table, which is gauge invariant up to a surface term
when the corresponding coefficient k(3)κ is constant.
For mass dimensions d ≥ 4, the construction (18) can
be applied systematically. As before, factors of tr(Fµν)
and tr(DαFµν ) vanish for SU(N) and hence can be dis-
regarded. Note that the piece of the coefficient k(4)κλµν
proportional to products of the Minkowski metric is
Lorentz invariant and therefore acts merely to renormal-
ize the conventional Yang-Mills term LA0. The double
trace k(4)κλκλ can therefore be set to zero without loss
of generality. Inspection of L(8)A might suggest an addi-
tional term of the form tr(FκλFµνD(αDβ)Fρσ), but up to
surface terms it can be written as a linear combination
of the operators tr[Fκλ(DαFµν)(DβFρσ)].
We note in passing that Table II is constructed as-
suming constant coefficients, but allowing for spacetime
dependence of the coefficients has minimal effect on the
structure of the Lagrange density. The terms shown in
the table then appear with spacetime-dependent coeffi-
cients, while any components of the Lagrange density
that are surface terms when the coefficients are constant
become equivalent to existing terms at lower d involv-
ing derivatives of the coefficients. An effective reduction
in mass dimension also occurs when the gauge fields are
constant backgrounds for the physics [19].
The subset of LA consisting of terms quadratic in
Aµ governs the propagation of the nonabelian gauge
field. Introducing the linearized nonabelian field strength
FLµν ≡ ∂µAν − ∂νAµ, the quadratic terms for d ≥ 4 are
found to take the generic form kκλµν···tr(FLκλ∂(n)F
L
µν),
where the ellipsis on each coefficient kκλµν··· is under-
stood to be contracted with the n indices on the deriva-
tives. Previous work [9] has shown that the quadratic
Lagrange density in the QED limit can be written as a
sum of two kinds of terms, kκλµν···Fκλ∂(n)Fµν for even
n and kκ···ǫκλµνA
λ∂(n)F
µν for odd n. This matches the
present result for even n, while suggesting a correspon-
dence of the form
kκλµν···tr(FLκλ∂(n)F
L
µν)←→ kα···ǫαλµνtr(Aλ∂(n+1)FLµν)
(20)
for odd n.
The correspondence (20) can be verified directly, as-
suming all coefficients are constants. Up to surface terms,
the operator on the left-hand side of Eq. (20) can be writ-
ten as
Lκλµν = tr(−Aλ∂κ∂(n)FLµν +Aκ∂λ∂(n)FLµν). (21)
Expanding ∂(n+1) = ∂(n)∂κ and noting the antisym-
metrization due to the Levi-Civita tensor, the operator
on the right-hand side of Eq. (20) takes the form
Rκλµν = tr(Aλ∂(n)∂κF
L
µν+Aµ∂(n)∂κF
L
νλ+Aν∂(n)∂κF
L
λµ).
(22)
Direct calculation reveals that Lκλµν and Rκλµν are lin-
early related up to surface terms,
Lκλµν + Lκµνλ + Lκνλµ = −Rκλµν ,
Rκλµν −Rλκµν = −2Lκλµν , (23)
thereby confirming the correspondence (20).
The correspondence (20) reveals that for odd d the op-
erator tr(FLκλ∂(n)F
L
µν) can be viewed as a higher-d gener-
alization of the quadratic part of the Chern-Simons op-
erator appearing in L(3)g . By direct calculation modulo
surface terms, we find that the full nonlinear operator
tr(FκλD(n)Fµν ) with odd d can be related to a general-
ized Chern-Simons operator according to
kκλµν···tr(FκλD(n)Fµν ) = −kκα···CS ǫαλµνtr(F λκ D(n)Fµν)
= kκα···CS ǫαλµνtr
(
AλDκD(n)F
µν + ig[Aλ, Aκ]D(n)F
µν
+AκD(n)D
λFµν −AκDλD(n)Fµν
)
, (24)
where
kκα···CS =
1
2ǫ
α
λµνk
κλµν··· (25)
Together with the correspondence (20), the result (24)
shows that for odd d > 3 all terms in LA containing
the linearized operators ǫκλµνtr(Aλ∂(n)F
L
µν) can be writ-
ten as combinations of the operators tr(FκλD(n−1)Fµν).
This provides strong support for the notion that the form
(18) incorporates every term with odd d > 3 in the gauge-
invariant action. It remains an interesting open problem
to prove this rigorously or to demonstrate a counterex-
ample by presenting a purely nonlinear gauge-invariant
contribution to the action with odd d > 3.
C. Fermion-gauge sector
The remaining part L′ of the full Lagrange density
(14) is the fermion-gauge sector, which involves products
of operators appearing in the fermion and pure-gauge
Lagrange densities Lψ and LA. Suppressing indices, the
general structure of gauge-invariant terms in the fermion-
gauge sector can therefore be written schematically as
L′ ⊃ k···(tr[(DF )· · ·(DF )])· · ·(tr[(DF )· · ·(DF )])
×[(Dψ)Γ(DF )· · ·(DF )(Dψ)]· · ·
×· · ·[(Dψ)Γ(DF )· · ·(DF )(Dψ)] + h.c. (26)
These gauge-fermion terms typically appear only at com-
paratively high values of the mass dimension d. Consider,
8for example, gauge-fermion terms in an SU(N) gauge the-
ory. The nontrivial gauge-invariant pure-gauge operator
of lowest mass dimension has structure tr(FF ) because
both tr(F ) and tr(DF ) vanish. Also, the gauge-invariant
fermion-sector operators of lowest mass dimension have
structure ψΓψ. The operator of lowest mass dimension in
the gauge-fermion sector therefore has the product struc-
ture tr(FF )ψΓψ and has d = 7.
The gauge-fermion operators of the form (26) are rele-
vant only for the nonabelian case because for U(1) all
operators are already included in the construction of
the fermion sector. For example, the abelian versions
of terms of the form tr(F )ψΓψ are included as part of
L(5)ψF in Table I, while ones of the form tr(DF )ψΓψ are
included in L(6)ψDF .
Since the SM gauge group is SU(3)×SU(2)×U(1), no
terms in the fermion-gauge sector appear for d ≤ 6. We
can therefore disregard L′ in physical applications of the
SME involving operators with these comparatively low
mass dimensions. The same line of reasoning holds for
the gauge theory combining QCD and QED, as the cor-
responding gauge group is SU(3)×U(1). However, more
general gauge theories or investigations of physical ef-
fects in fermion-gauge couplings for d > 6 may require
inclusion of these extra gauge-invariant terms.
D. Limiting cases
For certain specific applications, it can be useful to
consider restrictions of the general Lagrange density (14)
to a subset of relevant terms. In this section, we dis-
cuss in turn the limiting cases of Lorentz-violating QED,
Lorentz-violating QCD and QED, Lorentz-invariant
gauge field theories, and isotropic Lorentz-violating mod-
els.
1. Lorentz-violating QED
One limit with broad applicability is the abelian re-
striction of the general nonabelian gauge theory obtained
by choosing the gauge group G to be U(1). With the
Dirac field identified as the electron field and the gauge
field identified with the photon, we obtain a Lorentz-
and CPT-violating extension of the conventional theory
of QED for electrons and photons. The abelian restric-
tion is also relevant for the description of electromagnetic
interactions of other fermions, including ones that are un-
charged.
A generic term in the Lagrange density for the abelian
theory takes the form
L ⊃ k···(∂F ) · · · (∂F )(Dψ)Γ(Dψ) · · · (Dψ)Γ(Dψ) + h.c.,
(27)
where all spacetime indices and gamma matrices are un-
derstood, ∂ represents ∂(n), and D represents D(n). Note
that the factors involving the gauge field strength decou-
ple from the fermion in gauge space, and hence the term
(27) can be treated as the product of distinct factors in-
volving either the field strength or the fermion fields. To
avoid redundancy in the term (27), the basis (8) for the
gauge-covariant operators can be chosen.
Table III presents all terms with mass dimension six or
less in the Lagrange density for the single-fermion QED
limit. The first column displays the components of the
Lagrange density, while the second column provides the
explicit form of the terms in each component. The com-
ponent L0 is the conventional Lagrange density for QED.
Other components with d ≤ 4 are power-counting renor-
malizable and form the minimal QED extension [5]. The
coefficients for these minimal terms are denoted using
conventions widely adopted in the literature. The com-
ponents of the Lagrange density with d ≥ 5 in the fermion
sector are separated into pieces according to the scheme
adopted in Table I. Note that both Lorentz-invariant and
Lorentz-violating terms are encompassed by the entries
in the table, depending on the structure of the coeffi-
cients. Operators with odd numbers of spacetime indices
are odd under CPT transformations, and they all break
Lorentz symmetry [5, 7].
The coefficients of all terms in the table have dimen-
sion GeV4−d and are real. They can be assumed con-
stant in an inertial frame near the Earth [5, 6]. In the
fermion sector the spacetime indices µ, ν are linked to the
gamma matrices and hence to spin properties, while in
the pure-gauge sector they are associated with the gauge
field strengths. In both sectors, the spacetime indices α,
β, . . . are associated with derivatives. As before, paren-
theses around n spacetime indices represent total sym-
metrization with a factor of 1/n!.
Where possible, the table follows the notation for the
fermion sector adopted in Ref. [19]. Also, all quadratic
terms in the pure-gauge sector of the QED extension have
been obtained in Ref. [9]. In contrast, the terms repre-
senting self interactions, including those in L(6)ψψ and the
one cubic in F in L(6)A , represent new arenas for investi-
gation.
Table II contains also contributions to the nonabelian
pure-gauge action for d = 7 and 8. For operators of mass
dimension seven, restricting these terms to the QED limit
yields the expressions
L(7)A = − 14k
(7)αβγκλµν
∂ Fκλ∂α∂β∂γFµν
− 112k
(7)ακλµνρσ
F FκλFµν∂αFρσ, (28)
while for those of mass dimension eight we find
L(8)A = − 14k
(8)αβγδκλµν
∂ Fκλ∂α∂β∂γ∂δFµν
− 112k
(8)αβκλµνρσ
∂F Fκλ(∂αFµν)(∂βFρσ)
− 148k
(8)κλµνρστυ
F FκλFµνFρσFτυ. (29)
The nonlinear interactions of the photon predicted by
these terms are also of potential interest in both the the-
9TABLE III. Terms of low mass dimension d ≤ 6 in the Lagrange density for single-fermion QED.
Component Expression
L0
1
2
ψ(γµi∂µ −mψ)ψ + h.c.−
1
4
FµνF
µν
L
(3)
ψ −im5ψγ5ψ − a
µψγµψ − b
µψγ5γµψ −
1
2
Hµνψσµνψ
L
(4)
ψ
1
2
cµαψγµiDαψ +
1
2
dµαψγ5γµiDαψ +
1
2
eαψiDαψ +
1
2
ifαψγ5iDαψ +
1
4
gµναψσµν iDαψ + h.c.
L
(5)
ψD −
1
2
m(5)αβψiD(αiDβ)ψ −
1
2
im
(5)αβ
5 ψγ5iD(αiDβ)ψ
− 1
2
a(5)µαβψγµiD(αiDβ)ψ −
1
2
b(5)µαβψγ5γµiD(αiDβ)ψ −
1
4
H(5)µναβψσµν iD(αiDβ)ψ + h.c.
L
(5)
ψF −
1
2
m
(5)αβ
F Fαβψψ −
1
2
im
(5)αβ
5F Fαβψγ5ψ −
1
2
a
(5)µαβ
F Fαβψγµψ −
1
2
b
(5)µαβ
F Fαβψγ5γµψ −
1
4
H
(5)µναβ
F Fαβψσµνψ
L
(6)
ψD
1
2
c(6)µαβγψγµiD(αiDβiDγ)ψ +
1
2
d(6)µαβγψγ5γµiD(αiDβiDγ)ψ
+ 1
2
e(6)αβγψiD(αiDβiDγ)ψ +
1
2
if (6)αβγψγ5iD(αiDβiDγ)ψ +
1
4
g(6)µναβγψσµν iD(αiDβiDγ)ψ + h.c.
L
(6)
ψF
1
4
c
(6)µαβγ
F FβγψγµiDαψ +
1
4
d
(6)µαβγ
F Fβγψγ5γµiDαψ
+ 1
4
e
(6)αβγ
F FβγψiDαψ +
1
4
if
(6)αβγ
F Fβγψγ5iDαψ +
1
8
g
(6)µναβγ
F Fβγψσµν iDαψ + h.c.
L
(6)
ψ∂F −
1
2
m
(6)αβγ
∂F (∂αFβγ)ψψ −
1
2
im
(6)αβγ
5∂F (∂αFβγ)ψγ5ψ
− 1
2
a
(6)µαβγ
∂F (∂αFβγ)ψγµψ −
1
2
b
(6)µαβγ
∂F (∂αFβγ)ψγ5γµψ −
1
4
H
(6)µναβγ
∂F (∂αFβγ)ψσµνψ
L
(6)
ψψ kSS(ψψ)(ψψ)− kPP (ψγ5ψ)(ψγ5ψ) + ikSP (ψψ)(ψγ5ψ)
+(kSV )
µ(ψψ)(ψγµψ) + (kSA)
µ(ψψ)(ψγ5γµψ) +
1
2
(kST )
µν(ψψ)(ψσµνψ)
+i(kPV )
µ(ψγ5ψ)(ψγµψ) + i(kPA)
µ(ψγ5ψ)(ψγ5γµψ) +
1
2
i(kPT )
µν(ψγ5ψ)(ψσµνψ)
+ 1
2
(kV V )
µν(ψγµψ)(ψγνψ) +
1
2
(kAA)
µν(ψγ5γµψ)(ψγ5γνψ) + (kVA)
µν(ψγµψ)(ψγ5γµψ)
+ 1
2
(kV T )
λµν(ψγλψ)(ψσµνψ) +
1
2
(kAT )
λµν(ψγ5γλψ)(ψσµνψ) +
1
8
(kTT )
κλµν(ψσκλψ)(ψσµνψ)
L
(1)
A −(kA)
µAµ
L
(3)
A
1
2
(kAF )
κǫκλµνA
λFµν
L
(4)
A −
1
4
(kF )
κλµνFκλFµν
L
(5)
A −
1
4
k(5)ακλµνFκλ∂αFµν
L
(6)
A −
1
4
k
(6)αβκλµν
∂ Fκλ∂α∂βFµν −
1
12
k
(6)κλµνρσ
F FκλFµνFρσ
oretical and experimental contexts. We revisit this point
in Sec. IVA below.
2. Lorentz-violating QCD and QED
Another interesting model contained in our general
framework is the limit of QCD and QED coupled to
quarks. For this model, the gauge group G is SU(3)×U(1)
and we allow quark fields ψA with multiple flavors labeled
by indices A, B, . . .. In the usual six-quark scenario,
these indices span the values u, d, s, c, b, and t. Each
quark lies in the 3 representation of SU(3) and carries
U(1) charge denoted qA.
The covariant derivative acting on the quark fields can
be written as DµψA = (∂µ + iqAAµ − ig3Gµ)ψA, where
Aµ is the photon field, g3 is the QCD coupling constant,
and Gµ is the gluon field. Acting on the photon field
strength Fµν , the covariant derivative gives DαFµν =
∂αFµν , while acting on gluon field strength Gµν gives
DαGµν = ∂αGµν − ig3[Gα, Gµν ].
Table IV lists all terms with mass dimension six or
less in the Lagrange density for this model. The first
column shows the components of the Lagrange density,
and the second column displays the explicit expression for
each component. The conventional Lorentz-invariant La-
grange density L0 for QCD and QED coupled to quarks
is given in the first line of the table. The terms in the
model with d ≤ 4 are power-counting renormalizable and
form a subset of the minimal SME [5, 6]. The notation
for the corresponding coefficients is chosen to match the
standard one in the literature. The table includes both
Lorentz-invariant and Lorentz-violating terms. All terms
with an odd number of spacetime indices are odd under
CPT.
For an operator of mass dimension d, the correspond-
ing coefficient has mass dimension 4− d. The coefficients
in the fermion sector are tensors in flavor space with
complex entries restricted by the requirement that the
Lagrange density is hermitian, while the coefficients in
the gauge sector are real. When evaluated in an inertial
frame near the Earth, all coefficients can be treated as
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TABLE IV. Terms of low mass dimension d ≤ 6 in the Lagrange density for QCD and QED with multiple flavors of quarks.
Component Expression
L0
1
2
ψAγ
µiDµψA + h.c.− ψAmABψB −
1
4
FµνF
µν − 1
2
tr(GµνG
µν)
L
(3)
ψ −im5ABψAγ5ψB − a
µ
ABψAγµψB − b
µ
ABψAγ5γµψB −
1
2
H
µν
ABψAσµνψB
L
(4)
ψ
1
2
c
µα
ABψAγµiDαψB +
1
2
d
µα
ABψAγ5γµiDαψB
+ 1
2
eαABψAiDαψB +
1
2
ifαABψAγ5iDαψB +
1
4
g
µνα
AB ψAσµν iDαψB + h.c.
L
(5)
ψD −
1
2
(m(5))αβABψAiD(αiDβ)ψB −
1
2
i(m
(5)
5 )
αβ
ABψAγ5iD(αiDβ)ψB −
1
2
(a(5))µαβAB ψAγµiD(αiDβ)ψB
− 1
2
(b(5))µαβAB ψAγ5γµiD(αiDβ)ψB −
1
4
(H(5))µναβAB ψAσµν iD(αiDβ)ψB + h.c.
L
(5)
ψF −
1
2
(m
(5)
F )
αβ
ABFαβψAψB −
1
2
i(m
(5)
5F )
αβ
ABFαβψAγ5ψB
− 1
2
(a
(5)
F )
µαβ
AB FαβψAγµψB −
1
2
(b
(5)
F )
µαβ
AB FαβψAγ5γµψB −
1
4
(H
(5)
F )
µναβ
AB FαβψAσµνψB
L
(5)
ψG −
1
2
(m
(5)
G )
αβ
ABψAGαβψB −
1
2
i(m
(5)
5G)
αβ
ABψAγ5GαβψB
− 1
2
(a
(5)
G )
µαβ
AB ψAγµGαβψB −
1
2
(b
(5)
G )
µαβ
AB ψAγ5γµGαβψB −
1
4
(H
(5)
G )
µναβ
AB ψAσµνGαβψB
L
(6)
ψD
1
2
(c(6))µαβγAB ψAγµiD(αiDβiDγ)ψB +
1
2
(d(6))µαβγAB ψAγ5γµiD(αiDβiDγ)ψB +
1
2
(e(6))αβγAB ψAiD(αiDβiDγ)ψB
+ 1
2
i(f (6))αβγAB ψAγ5iD(αiDβiDγ)ψB +
1
4
(g(6))µναβγAB ψAσµν iD(αiDβiDγ)ψB + h.c.
L
(6)
ψF
1
4
(c
(6)
F )
µαβγ
AB FβγψAγµiDαψB +
1
4
(d
(6)
F )
µαβγ
AB FβγψAγ5γµiDαψB
+ 1
4
(e
(6)
F )
αβγ
AB FβγψAiDαψB +
1
4
i(f
(6)
F )
αβγ
AB FβγψAγ5iDαψB +
1
8
(g
(6)
F )
µναβγ
AB FβγψAσµνiDαψB + h.c.
L
(6)
ψG
1
4
(c
(6)
G )
µαβγ
AB ψAγµGβγiDαψB +
1
4
(d
(6)
G )
µαβγ
AB ψAγ5γµGβγiDαψB
+ 1
4
(e
(6)
G )
αβγ
AB ψAGβγiDαψB +
1
4
i(f
(6)
G )
αβγ
AB ψAγ5GβγiDαψB +
1
8
(g
(6)
G )
µναβγ
AB ψAσµνGβγiDαψB + h.c.
L
(6)
ψ∂F −
1
2
(m
(6)
∂F )
αβγ
AB (∂αFβγ)ψAψB −
1
2
i(m
(6)
5∂F )
αβγ
AB (∂αFβγ)ψAγ5ψB
− 1
2
(a
(6)
∂F )
µαβγ
AB (∂αFβγ)ψAγµψB −
1
2
(b
(6)
∂F )
µαβγ
AB (∂αFβγ)ψAγ5γµψB −
1
4
(H
(6)
∂F )
µναβγ
AB (∂αFβγ)ψAσµνψB
L
(6)
ψDG −
1
2
(m
(6)
DG)
αβγ
AB ψA(DαGβγ)ψB −
1
2
i(m
(6)
5DG)
αβγ
AB ψAγ5(DαGβγ)ψB
− 1
2
(a
(6)
DG)
µαβγ
AB ψAγµ(DαGβγ)ψB −
1
2
(b
(6)
DG)
µαβγ
AB ψAγ5γµ(DαGβγ)ψB −
1
4
(H
(6)
DG)
µναβγ
AB ψAσµν(DαGβγ)ψB
L
(6)
ψψ (kSS)ABCD(ψAψB)(ψCψD)− (kPP )ABCD(ψAγ5ψB)(ψCγ5ψD)
+i(kSP )ABCD(ψAψB)(ψCγ5ψD) + (kSV )
µ
ABCD(ψAψB)(ψCγµψD)
+(kSA)
µ
ABCD(ψAψB)(ψCγ5γµψD) +
1
2
(kST )
µν
ABCD(ψAψB)(ψCσµνψD)
+i(kPV )
µ
ABCD(ψAγ5ψB)(ψCγµψD) + i(kPA)
µ
ABCD(ψAγ5ψB)(ψCγ5γµψD)
+ 1
2
i(kPT )
µν
ABCD(ψAγ5ψB)(ψCσµνψD) +
1
2
(kV V )
µν
ABCD(ψAγµψB)(ψCγνψD)
+ 1
2
(kAA)
µν
ABCD(ψAγ5γµψB)(ψCγ5γνψD) + (kVA)
µν
ABCD(ψAγµψB)(ψCγ5γµψD)
+ 1
2
(kV T )
λµν
ABCD(ψAγλψB)(ψCσµνψD) +
1
2
(kAT )
λµν
ABCD(ψAγ5γλψB)(ψCσµνψD)
+ 1
8
(kTT )
κλµν
ABCD(ψAσκλψB)(ψCσµνψD)
L
(1)
AG −(kA)
µAµ
L
(3)
AG
1
2
(kAF )
κǫκλµνA
λFµν + (k3)
κǫκλµνtr(G
λGµν + 2
3
ig3G
λGµGν)
L
(4)
AG −
1
4
(kF )
κλµνFκλFµν −
1
2
(kG)
κλµνtr(GκλGµν)
L
(5)
AG −
1
4
k(5)ακλµνFκλ∂αFµν −
1
2
k
(5)ακλµν
D tr(GκλDαGµν)
L
(6)
AG −
1
4
k
(6)αβκλµν
∂ Fκλ∂α∂βFµν −
1
12
k
(6)κλµνρσ
F FκλFµνFρσ
− 1
2
k
(6)αβκλµν
D tr(GκλD(αDβ)Gµν)−
1
6
k
(6)κλµνρσ
G tr(GκλGµνGρσ)−
1
4
k
(6)κλµνρσ
FG Fκλtr(GµνGρσ)
11
TABLE V. Lorentz-invariant components of operators in gauge field theories.
Theory Operator Dimension Lorentz-invariant components
nonabelian ψΓID(2n−2)ψ + h.c. odd, d = 2n+ 1 ψD
LI
(2n−2)ψ + h.c., iψγ5D
LI
(2n−2)ψ + h.c.
ψΓID(2n−1)ψ + h.c. even, d = 2n+ 2 ψγ
µDµD
LI
(2n−2)ψ + h.c., ψγ5γ
µDµD
LI
(2n−2)ψ + h.c.
ψΓIFD(2n−2)ψ + h.c. odd, d = 2n+ 3
1
2
ψσµνFµνD
LI
(2n−2)ψ + h.c.,
1
2
ψσµνF˜µνD
LI
(2n−2)ψ + h.c.
ψΓIFD(2n−1)ψ + h.c. even, d = 2n+ 4 ψγ
µFµνD
νDLI(2n−2)ψ + h.c., ψγ
µF˜µνD
νDLI(2n−2)ψ + h.c.,
ψγ5γ
µFµνD
νDLI(2n−2)ψ + h.c., ψγ5γ
µF˜µνD
νDLI(2n−2)ψ + h.c.
nonabelian tr(FF · · ·F ) even, d = 2n+ 2 traces of full contractions of products of Fµν , η
µν , ǫκλµν
tr(FD(2n)F ) even, d = 2n+ 4 tr(FµνD
LI
(2n)F
µν), tr(FµνD
LI
(2n)F˜
µν)
abelian FF · · ·F even, d = 4n Xn, Xn−1Y,Xn−2Y 2, · · · , XY n−1, Y n
F∂(2n)F even, d = 2n+ 4 Fµν(∂
α∂α)
nFµν
spacetime constants [5, 6]. The notation for the space-
time indices follows that for Table III.
The model describes the general interactions of quarks,
photons, and gluons, and it can be viewed as an ef-
fective field theory incorporating all Lorentz invariant
terms along with violations of Lorentz and CPT symme-
try. Note that the presence of two gauge groups in the
model implies that the pure-gauge sector contains terms
involving cross couplings of both sets of gauge fields.
For example, the last term in L(6)AG in the table repre-
sents a photon-gluon-gluon interaction. We remark that
this term has a Lorentz-invariant component of poten-
tial phenomenological interest, although Furry’s theorem
prevents its generation via one-loop radiative corrections
in the conventional SM. Also, the presence of multiple
fermion flavors in the model leads to flavor dependence
of the coefficients in the fermion sector and hence intro-
duces various flavor-mixing effects. Overall, the model
predicts a rich phenomenology with many avenues open
for experimental exploration. One aspect of this is con-
sidered in Sec. IVB below.
3. Lorentz-invariant limit
The general Lagrange density L for the nonabelian
gauge theory (14) incorporates both Lorentz-invariant
and Lorentz-violating pieces. A given term is Lorentz
invariant if the coefficient can be written as a product of
the invariant tensors of the Lorentz group, which are the
Minkowski metric ηµν and the Levi-Civita tensor ǫκλµν .
As a simple example, any part of the coefficient cµα pro-
portional to ηµα generates a Lorentz-invariant contribu-
tion to L(4)ψ in Table I. All the Lorentz-invariant opera-
tors are isotropic in any inertial frame, and they are also
all CPT even.
Since both ηµν and ǫκλµν have an even number of in-
dices, no coefficient with an odd number of indices can
be expressed as a Lorentz-invariant tensor. Equivalently,
no operator with an odd number of spacetime indices can
contain a Lorentz-invariant piece. In the fermion sector,
this implies only about half the terms in Table I contain
Lorentz-invariant components. In the pure-gauge sector,
we find the elegant result that no Lorentz-invariant terms
exist for operators of odd mass dimension d.
Table V displays the Lorentz-invariant components of
certain operators in gauge field theories. The first column
identifies the nonabelian and abelian cases. Note that
the abelian fermion sector is a direct limit of the non-
abelian one. Each entry in the second column lists a spe-
cific type of operator in schematic form, with all space-
time indices omitted and using the placeholder ΓI for
any gamma-matrix structures. The third column shows
the allowed mass dimension d of each operator, which is
specified in terms of an integer n = 1, 2, . . .. The final
column provides the possible Lorentz-invariant compo-
nents. In these expressions, the covariant derivatives are
understood to be totally symmetrized, and we use the
abbreviations
X = FµνF
µν , Y = Fµν F˜
µν , DLI(2n) = (DµD
µ)n,
(30)
where F˜µν = ǫµνρσFρσ/2 is the dual field strength.
In the QED limit, all Lorentz-invariant terms in the
pure-gauge sector must be constructed as combinations
of the two invariantsX and Y , which can be expressed in
terms of the electric field E and the magnetic induction
B as X = −2(E2−B2) and Y = −4E ·B. Since both X
and Y have mass dimension four, the mass dimensions of
all Lorentz-invariant pure-gauge terms must be multiples
of four. For d = 4n, the independent terms number n+1
and each is a monomial of order n in X and Y . Note
that for the special case n = 1 the monomial Y is a to-
tal derivative and so can be disregarded in the Lagrange
density if its scalar coefficient is constant. Related re-
sults hold in the full nonabelian theory. However, as X
and Y then have a nontrivial commutator, there are typ-
ically more independent Lorentz-invariant monomials in
the nonabelian case.
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The pure-gauge sector also contains quadratic terms of
the schematic form tr(FD(2n)F ), as shown in the table.
The Lorentz-invariant components of these can be ob-
tained directly by contracting indices. A useful identity
in this respect is 2FµρD
µDνD
LI
(2n−2)F
νρ = FµρD
LI
(2n)F
µρ,
which can be proved by dualizing the field strengths and
using the homogeneous equation DµF˜µσ = 0. This pro-
cedure yields the two nonabelian quadratic pure-gauge
terms presented in the table. In the abelian limit, the
homogeneous equation implies that the second expres-
sion can be neglected up to a surface term, thereby leav-
ing only one Lorentz-invariant quadratic contribution at
each n.
Field redefinitions may also reduce the number of in-
dependent Lorentz-invariant terms. For example, in
the abelian limit of the spinor sector, the quadratic
term of the schematic form ψΓID(2n−1)ψ + h.c. and
ψΓID(2n−2)ψ+h.c. can be reduced via field redefinitions
to include only coefficients of the a, c, g, and H types [9].
Table V then reveals that the only remaining Lorentz-
invariant term is ψγµDµD
LI
(2n−2)ψ, which has even mass
dimension d, in agreement with known results [9].
The literature contains several classical models of non-
linear electrodynamics that maintain Lorentz symme-
try. These models must therefore be special cases of the
Lorentz-invariant abelian terms listed in Table V. One
example is the Euler-Heisenberg lagrangian [28], which
is the effective one-loop Lagrange density emerging from
radiative corrections in QED. The general form is a com-
plicated function of X and Y , but in the weak-field limit
it can be written in the form
LEH = − 14X +
α2
90m4
(X2 + 74Y
2), (31)
where α ≃ 1/137 is the fine-structure constant and m is
the mass of the electron. This is a linear combination
of Lorentz-invariant components of the nonlinear pure-
gauge terms with d ≤ 8 shown in Table V. Note the
absence of the parity-odd monomials Y and XY , as re-
quired by the parity invariance of QED.
Another example is the Born-Infeld model [29], which
introduces an upper bound for the electric field near the
electron that can eliminate the divergence of the self-
energy. In terms of X and Y , the Lagrange density of
this model can be written as
LBI = b2 − b2
√
1 +
X
2b2
− Y
2
16b4
, (32)
where b is a scale parameter representing the maximum
attainable value of a pure electric field. Expanding the
square root for small X and Y reveals that the Lagrange
density in this model can be viewed as a linear combina-
tion of all the Lorentz-invariant components of the non-
linear pure-gauge terms shown in Table V except those
containing an odd power of Y . The latter are parity odd,
and hence their omission again reflects the parity invari-
ance of the electromagnetic interaction.
4. Isotropic limit
Models exhibiting isotropic physics can be generated
by restricting the operators in the general nonabelian
gauge theory to those that preserve rotation invariance.
Isotropic models are often adopted in the literature due
to their comparative simplicity. Note, however, that the
isotropy can hold only in a specified inertial frame and
must be violated in other inertial frames. Indeed, Lorentz
violation always implies rotation violation because boost
transformations close into rotations under commutation.
Moreover, the rotation of the Earth about its axis and
the orbital revolution around the Sun imply that no labo-
ratory is inertial, so the set of isotropic operators is insuf-
ficient to characterize all physical effects even in isotropic
models. Nonetheless, the isotropic limit is useful in de-
scribing the subset of rotation-invariant effects.
Table VI lists the isotropic components of some op-
erators in gauge field theories. The first column dis-
tinguishes the nonabelian and abelian scenarios. The
abelian fermion sector is obtained directly by restrict-
ing the nonabelian one and so is omitted from the table.
Schematic forms for the operators are presented in the
second column, using ΓI to denote a generic gamma-
matrix structure and suppressing all spacetime indices.
The operator mass dimensions are listed in the third col-
umn, with some values of d specified in terms of an integer
n = 1, 2, . . .. The fourth column displays the isotropic
components of the Lagrange density. The last column
provides the number of independent operators except for
the nonabelian combination tr(FF · · ·F ), which is com-
plicated by the noncommutativity of products of the field
strength. Note that isotropic operators with an odd num-
ber of spacetime indices are odd under CPT.
In the table, all covariant derivatives are assumed to
be totally symmetrized, and we define
X˚1 = F0jF
0j , X˚2 = FjkF
jk, Y˚ = F0jF˜
0j . (33)
By convention, a ring diacritic on a quantity denotes
its isotropic component. Also, the covariant derivative
D˚(n) represents a symmetrized monomial of n covariant
derivatives involving products of D0 and DjD
j , with a
similar definition holding for the partial derivative ∂˚(n).
Both D˚(n) and ∂˚(n) therefore contain (n+ 2)/2 indepen-
dent isotropic operators for even n and (n+1)/2 ones for
odd n.
For the restriction to QED, the field strength Fµν is
determined by the electric field E and the magnetic in-
duction B, both of which have mass dimension two and
transform under rotations as ordinary vectors. All opera-
tors of the form tr(FF · · ·F ) must therefore be polynomi-
als formed from the three rotation invariants X˚1 = −2E2,
X˚2 = 2B
2, Y˚ = −2E · B and hence can exist only for
d = 4n. For each n, (n + 1)(n + 2)/2 independent op-
erators exist. In the full nonabelian theory, more inde-
pendent isotropic operators can be expected because the
three invariants have nontrivial commutators.
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TABLE VI. Isotropic components of operators in gauge field theories.
Theory Operator Dimension Isotropic components Number
nonabelian ψΓIψ + h.c. d = 3 ψψ + h.c., iψγ5ψ + h.c., ψγ0ψ + h.c., ψγ5γ0ψ + h.c. 4
ψΓID(n)ψ + h.c. d ≥ 4 ψD˚(n)ψ + h.c., iψγ5D˚(n)ψ + h.c.
ψγ0D˚(n)ψ + h.c., ψγ5γ0D˚(n)ψ + h.c.
ψγjD
jD˚(n−1)ψ + h.c., ψγ5γjD
jD˚(n−1)ψ + h.c.
1
2
ψσ0jD
jD˚(n−1)ψ + h.c.,
1
4
ψǫjklσ
klDjD˚(n−1)ψ + h.c. total 4d− 8
nonabelian L
(3)
A d = 3 ǫjkltr(A
jF kl + 2
3
igAjAkAl) 1
tr(FF · · ·F ) d = 2n+ 2 traces of full contractions of products of Ej , Bj , δjk, and ǫjkl
tr(FD(n−1)F ) even, d ≥ 4 tr(F0jD˚(n−1)F
0j), tr(F0jD˚(n−1)F˜
0j), tr(F˜0jD˚(n−1)F˜
0j) 3
2
(d− 2)
tr(FD(n)F ) odd, d ≥ 5 tr(ǫjklF
0jDkD˚(n−1)F
0l), tr(ǫjklF˜
0jDkD˚(n−1)F˜
0l) d− 3
abelian L
(3)
A d = 3 ǫjklA
jF kl 1
FF · · ·F d = 4n any polynomial of order n in X˚1, X˚2, Y˚
1
32
(d+ 4)(d+ 8)
F∂(n−1)F even, d ≥ 4 F0j ∂˚(n−1)F
0j , F˜0j ∂˚(n−1)F˜
0j d− 2
F∂(n)F odd, d ≥ 5 ǫjklA
j ∂˚(n+1)F
kl 1
2
(d− 1)
Table VI also displays terms in the pure-gauge sector
of the schematic form tr(FD(n)F ), which represent con-
tributions to the gauge propagator. The isotropic com-
ponents of these terms can be obtained by adopting F 0j
and F˜ 0j = ǫ0jklFkl/2 as the fundamental variables con-
tained in Fµν and contracting indices to form rotation
invariants. Some operators generated in this way, such as
F 0jDjDkD˚(n−2)F
0k or ǫjklF
0jDkD˚(n−1)F˜
0l, are equiv-
alent to others modulo surface terms when the homo-
geneous equation is imposed. In the abelian limit, the
homogeneous equation further reduces the number of in-
dependent operators, producing the results shown. As
before, the total number of independent operators may
be further reduced via field redefinitions.
IV. EXPERIMENTS
The previous section presents the construction of the
general Lagrange density for a nonabelian gauge field
theory describing Lorentz and CPT violation. The con-
struction contains numerous predictions for physical ef-
fects. In particular, the special limiting cases of Lorentz-
violating QED and of Lorentz-violating QCD and QED
coupled to quarks, given explicitly in Tables III and IV,
offer many prospects for experimental study. To illus-
trate some of the possibilities, we consider here two ap-
plications to experiments. The first involves the effects
on photon-photon scattering of certain d = 8 operators in
Lorentz-violating QED, and the second involves implica-
tions for deep inelastic scattering of some d = 5 Lorentz-
and CPT-violating operators in the QCD and QED in-
teractions of quarks.
A. Light-by-light scattering
Light-by-light scattering in the vacuum is a nonlinear
process forbidden in classical linear Maxwell electrody-
namics but predicted to occur in QED via radiative quan-
tum corrections and described by the Euler-Heisenberg
Lagrange density (31) [28]. Although the direct cross
section for this process is tiny, various techniques can be
used to study it indirectly [30]. Direct observation of
light-by-light scattering has recently been demonstrated
by the ATLAS collaboration using ultraperipheral colli-
sions of heavy ions in the LHC [31].
The nonminimal sector of Lorentz-violating QED given
in Table III contains numerous operators that contribute
to the cross section for light-by-light scattering. One-loop
corrections due to some d = 5 operators in the fermion
sector have been considered in Ref. [32]. Here, we study
instead tree-level corrections to the cross section, arising
from d = 8 photon-interaction operators in the pure-
photon sector. We calculate the effects of these correc-
tions on the experiment at the LHC and use published
data to obtain first constraints on the corresponding co-
efficients for Lorentz violation.
1. Setup
The dominant SM contributions to light-by-light scat-
tering arise from one-loop radiative corrections. In con-
trast, the pure-photon sector of Lorentz-violating QED
contains nonlinear operators with four powers of the pho-
ton field that yield tree-level contributions to light-by-
light scattering at leading order in Lorentz violation. The
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dominant contribution of this type is expected to arise
from the operator with mass dimension d = 8. The cor-
responding contribution to the Lagrange density is the
last term in Eq. (29).
FIG. 1. Dominant contribution to light-by-light scattering
The Feynman diagram for the tree-level process in
Lorentz-violating QED is displayed in Fig. 1. The Feyn-
man rule
−8i(k1)µ1 (k2)µ2 (k3)µ3 (k4)µ4k(8)µ1α1µ2α2µ3α3µ4α4F (34)
depends on the momenta of the four photon lines and
is governed by the coefficient k
(8)µ1α1µ2α2µ3α3µ4α4
F . This
coefficient is antisymmetric under the exchange of indices
µj ↔ αj for each j = 1, 2, 3, 4. It is also totally symmet-
ric under exchanges of any pair of indices µjαj . These
symmetries imply that the coefficient contains a total of
126 independent components, each describing a distinct
physical effect.
The total cross section for light-by-light scattering is
the integral of the spin-averaged squared modulus of the
scattering amplitude over the phase space, as usual. In
the laboratory frame, we denote the four-momenta of
the two incoming photons by k1 and k2 and the four-
momenta of the two outgoing photons by k3 and k4. The
spin-averaged squared modulus of the scattering ampli-
tude then takes the form
1
4Σ|Tfi|2 = 16ηα1α′1ηα2α′2ηα3α′3ηα4α′4
×(k1)µ1(k1)µ′1(k2)µ2(k2)µ′2(k3)µ3(k3)µ′3(k4)µ4(k4)µ′4
×k(8)µ1α1µ2α2µ3α3µ4α4F k(8)µ
′
1α
′
1µ
′
2α
′
2µ
′
3α
′
3µ
′
4α
′
4
F . (35)
Note that this expression is quadratic in the coefficient
k
(8)µ1α1µ2α2µ3α3µ4α4
F .
The result (35) exhibits an interesting duality symme-
try. Direct calculation reveals that it is invariant under
the replacement of k
(8)µ1α1µ2α2µ3α3µ4α4
F with its quadru-
ple dual k˜
(8)µ1α1µ2α2µ3α3µ4α4
F defined by
k˜
(8)µ1α1µ2α2µ3α3µ4α4
F =
1
16k
(8)
F µ
′
1
α′
1
µ′
2
α′
2
µ′
3
α′
3
µ′
4
α′
4
×ǫµ1α1µ′1α′1ǫµ2α2µ′2α′2ǫµ3α3µ′3α′3ǫµ4α4µ′4α′4 . (36)
This symmetry guarantees that the experimental con-
straints on a component of the coefficient and the corre-
sponding component of its dual are the same.
Denoting by Ω the solid angle subtended by the mo-
mentum k3 relative to k1, the theoretical differential
cross section dσ/dΩ can be written in the form
dσ
dΩ
=
1
256π2[(ω1 + ω2)− (ω1 − ω2) cos θ]2Σ|Tfi|
2. (37)
In this expression, the energies of the two incoming pho-
tons are ω1 and ω2, and θ is the angle between the mo-
menta k1 and k3. Note that the differential cross section
has nontrivial dependence on the azimuthal scattering
angle φ arising from the Lorentz violation in the scatter-
ing amplitude Tfi.
2. Cross section and constraints
Our present interest is the application of the above
derivation to the data for light-by-light scattering ob-
tained from ultraperipheral collisions of lead ions [31].
The relevant process is shown schematically in Fig. 2,
which displays the role of the four-point photon ver-
tex. The photons from the high-energy lead ions can
be viewed as photon beams in the equivalent photon ap-
proximation [33].
FIG. 2. Light-by-light scattering in ultraperipheral collisions
In the experiment, the two incoming photons emitted
by the lead ions are almost collinear. The experimental
cross section can be taken as a convolution of the differ-
ential cross section (37) with the incoming photon-flux
factors, integrated over the range of observed solid angle
and outgoing photon energies [34]. It can be written in
the form
σexpt =
∫
dΩdmγγdyγγ
mγγ
2
n(ω1)
ω1
n(ω2)
ω2
dσ
dΩ
, (38)
where the diphoton mass mγγ = 2
√
ω3ω4 and the dipho-
ton rapidity yγγ = ln(ω4/ω3)/2 are functions of the ener-
gies ω3 and ω4 of the outgoing photons. The photon-flux
factors n(ω1) and n(ω2) depend on the incoming photon
energies ω1, ω2, which can be expressed in terms of ω3,
15
ω4 and the scattering angle θ by
ω1 =
1
2ω3(1 + cos θ) +
1
2ω4
(
1±
√
1− ω
2
3
ω24
sin2 θ
)
,
ω2 =
1
2ω3(1− cos θ) + 12ω4
(
1∓
√
1− ω
2
3
ω24
sin2 θ
)
. (39)
For the calculation, we assume ω3 ≤ ω4 for convenience.
The ATLAS experiment [31] is sensitive to most of
the 4π solid angle, implying that the integral (38) ranges
over 0.18 ∼< θ ∼< 2.96 and 0 ≤ φ ≤ 2π. The data span the
diphoton-mass range 6 GeV∼< mγγ ∼< 24 GeV, so we re-
strict the integral (38) to this range and adopt the corre-
sponding diphoton-rapidity range 0 ∼< yγγ ∼< ln(mγγ/6).
Unlike the SM result, which is tiny for large diphoton
masses, the maximum of σexpt in Lorentz-violating QED
is attained for a diphoton mass of around 600 GeV. Our
restriction on the upper value of the diphoton mass there-
fore ultimately translates into conservative constraints on
the coefficients k
(8)µ1α1µ2α2µ3α3µ4α4
F . Future experiments
at higher energies can be expected to increase signifi-
cantly the sensitivity to these effects.
The photon-flux function n(ω) is determined by the
elastic form factor F (q2), which is the Fourier transfor-
mation of the charge distribution of the nucleus. It can
be written as [35]
n(ω) =
Z2α
π2
∫
d2q⊥
q2⊥[
(ω/γ)2 + q2⊥
]2F 2
([
ω
γ
]2
+ q2⊥
)
,
(40)
where Z is the atomic number of the ion, α ≃ /137 is the
fine-structure constant, γ = 1/
√
1− β2 is the Lorentz
factor of the nucleus, q⊥ is the transverse momentum,
and the integral of q⊥ ranges over the whole plane. Tak-
ing the form factor as [35] F (q2) = Θ(1/R2−q2), where R
is the nuclear radius, yields n(ω) = (2Z2α/π) ln(γ/ωR)
at leading order. However, this expression for the pho-
ton flux becomes negative for ω > γ/R, which is po-
tentially problematic. Instead, we approximate F (q2)
as a monopole form factor [36] F (q2) = Λ2/(Λ2 + q2),
where Λ =
√
6/〈r2〉 and 〈r2〉 is mean squared radius
of the nucleus. For 208Pb, experimental data [37] give
〈r2〉1/2 = 5.5 fm and Λ = 0.088 GeV. We find that the
photon-flux function (40) then becomes
n(ω) =
2Z2α
π
[
2(ω/γ)2 + Λ2
2Λ2
ln
(
1 +
Λ2
(ω/γ)2
)
− 1
]
.
(41)
This expression is positive for any ω and converges to
zero as ω tends to infinity, matching physical expecta-
tions. For definiteness and simplicity, we use the above
expression to calculate the cross section. As a cross check,
we have also used the fivefold integral presented in the
literature [38] to estimate the photon flux and calculate
the cross section, obtaining results close to those using
the expression (41).
The LHC experiment measured the cross section as
70±24(stat.)±17(syst.) nb [31]. The theoretical SM pre-
diction is 49±10 nb [38]. The difference between these
results is 21±31 nb, which is compatible with zero. An
upper limit for the additional tree-level contribution in
Lorentz-violating QED can therefore be taken as 83 nb
at the 95% confidence level. We can use this result to
constrain the coefficients k
(8)µ1α1µ2α2µ3α3µ4α4
F .
The rotation of the Earth and its revolution about the
Sun imply that the laboratory is a noninertial frame,
which induces time dependence in the coefficients for
Lorentz violation. Experimental results on the coeffi-
cients must therefore be reported in a prescribed inertial
frame. By standard convention in the literature, this
frame is taken to be the Sun-centered frame [39] with
spatial coordinates XJ , J = X,Y, Z chosen so that the
Z axis is aligned along the rotation axis of the Earth. The
X axis points from the Earth to the Sun at the 2000 ver-
nal equinox, which is adopted as the origin of the time
T . The Y axis completes the right-handed orthogonal
coordinate system. The contribution to the cross sec-
tion therefore can be viewed as determined by a nonlin-
ear combination of the 126 independent components of
the coefficient k
(8)µ1α1µ2α2µ3α3µ4α4
F expressed in the Sun-
centered frame. The experimental result from the LHC
places a single constraint on this combination. However,
the result is unwieldy. To gain insight, we follow here
the standard practice in the literature of extracting con-
straints in various limiting scenarios.
Consider first the Lorentz-invariant limit. Inspec-
tion of Table V reveals that there are three Lorentz-
invariant combinations of components of the coefficient
k
(8)µ1α1µ2α2µ3α3µ4α4
F . The orientation and velocity of the
laboratory relative to the canonical Sun-centered frame
plays no role for these combinations, so constraints can
be derived directly from the experimental data. The
first three rows of Table VII lists the results of this
analysis. Each row specifies a Lorentz-invariant coeffi-
cient combination and the corresponding constraint, ob-
tained under the assumption that other independent co-
efficient combinations vanish. The fractions appearing in
front of the combinations are chosen to insure the com-
bination has the same weight as a single component of
k
(8)µ1α1µ2α2µ3α3µ4α4
F . In terms of the invariants (30), the
operators in the Lagrange density associated with the
first, second, and third row are X2, Y 2, and XY , respec-
tively.
We can also consider the isotropic limit of Lorentz-
violating QED. According to the results in Table VI,
the coefficient k
(8)µ1α1µ2α2µ3α3µ4α4
F contains six isotropic
combinations of components. Since isotropic effects are
independent of the laboratory orientation and since the
laboratory boost β ≃ 10−4 is negligible in the Sun-
centered frame, we can again obtain constraints on the
isotropic combinations directly from an analysis per-
formed in the laboratory. The resulting constraints in
the Sun-centered frame are displayed in the second part
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TABLE VII. Constraints from light-by-light scattering on the modulus of combinations of photon coefficients.
Limiting case Coefficient combination Constraint
Lorentz invariant 1
144
ηκµηλνηρτησυk
(8)κλµνρστυ
F < 9.5× 10
−8 GeV−4
1
576
ǫκλµνǫρτσυk
(8)κλµνρστυ
F < 9.5× 10
−8 GeV−4
1
288
ηκµηλνǫρτσυk
(8)κλµνρστυ
F < 7.5× 10
−8 GeV−4
Isotropic 1
9
∑
J,K k
(8)TJTJTKTK
F < 1.2× 10
−7 GeV−4
1
9
∑
J<K,L<M k
(8)JKJKLMLM
F < 1.2× 10
−7 GeV−4
1
9
∑
J,M,K<L,N<P ǫJKLǫMNP k
(8)TJTMKLNP
F < 9.5× 10
−8 GeV−4
1
9
∑
J,K<L k
(8)TJTJKLKL
F < 2.3× 10
−7 GeV−4
1
9
∑
J,K,L<M ǫKLMk
(8)TJTJTKLM
F < 5.6× 10
−8 GeV−4
1
9
∑
L,J<K,M<N ǫLMNk
(8)JKJKTLMN
F < 5.6× 10
−8 GeV−4
of Table VII. The isotropic combinations are listed in the
second column, where the summations are over spatial in-
dices J , K, . . . = X,Y, Z. The third column presents the
corresponding constraint on the modulus of each combi-
nation expressed in the Sun-centered frame, determined
assuming other coefficient components vanish. The con-
straints on the first two and last two isotropic combina-
tions are identical, as a consequence of the duality sym-
metry associated with the quadruply dualized coefficients
(36).
To implement a complete analysis, the cross section
expressed using coefficients in the laboratory frame must
be transformed to the Sun-centered frame. To a good
approximation, the small Earth boost can be neglected in
the transformation. Denoting the spatial coordinates in
the laboratory frame by xj , the rotation matrix between
the two frames is given by
RjJ =

cosχ cosω⊕T⊕ cosχ sinω⊕T⊕ − sinχ
− sinω⊕T⊕ cosω⊕T⊕ 0
sinχ cosω⊕T⊕ sinχ sinω⊕T⊕ cosχ
 ,
(42)
where ω⊕ ≃ 2π/(23 h 56 min) is the Earth’s sidereal ro-
tation frequency, T⊕ is a convenient local sidereal time,
and χ is the angle between the beam direction and the
Z axis. For the ATLAS detector at the LHC, χ ≃ 81.4◦.
Implementing this transformation on the cross section
generates a lengthy expression containing up to fourth
harmonics of the sidereal frequency. The measured cross
section is therefore predicted to display sidereal varia-
tions in time at all these harmonics. Analyzing exper-
imental data to search for these time variations would
be of great interest, but insufficient data are presently
available to implement this. Instead, we consider here
the time-averaged cross section, which selects the time-
independent contributions for consideration. Calcula-
tion reveals that all 126 independent components of
k
(8)µ1α1µ2α2µ3α3µ4α4
F contribute to this result.
Table VIII presents the constraints on all 126 compo-
nents, taken one at a time with all others set to zero. The
first column lists the components, and the second column
shows the constraint on the modulus of each one. These
results are the first in the literature on nonlinear Lorentz-
violating photon interactions. Existing constraints on
d = 8 pure-photon terms in Lorentz-violating QED are
restricted to effects on photon propagation in the astro-
physical and laboratory contexts [9, 40, 41]. Inspection
confirms that the constraints in the table exhibit the du-
ality symmetry associated with Eq. (36), as expected.
The results also reveal symmetry under interchange of
the X and Y indices. This is a consequence of the rota-
tion of the Earth about the Z axis, which implies that
the time-averaged cross section must be invariant under
rotation in the X-Y plane and hence under the exchange
(X,Y )↔ (Y,−X). The sign in this exchange has no ef-
fect on the constraints because the cross section depends
only on the square of the coefficients.
B. Deep inelastic scattering
Deep inelastic scattering offers crucial experimental
support for the existence of quarks and the predictions
of QCD, and it serves as a tool in searches for physics
beyond the SM [42, 43]. An initial study of the effects
of Lorentz violation on deep inelastic electron-proton
scattering [44] has studied the use of DIS to search for
Lorentz-violating effects of c-type coefficients in the QCD
and QED interactions of quarks. This work complements
recent theoretical and experimental efforts to investigate
Lorentz and CPT violation in the quark sector involv-
ing operators of mass dimensions d = 3 [45, 46], d = 4
[47], and d = 5 [16]. The construction of the nonmini-
mal operators given in Table IV offers numerous interest-
ing prospects for further exploration in Lorentz-violating
QCD.
Here, we illustrate the possibilities by investigating the
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TABLE VIII. Constraints from light-by-light scattering on the modulus of individual photon coefficients.
Coefficient Constraint
k
(8)TXTXTXTX
F , k
(8)TY TY TY TY
F , k
(8)XZXZXZXZ
F , k
(8)Y ZY ZY ZY Z
F < 1.0× 10
−6 GeV−4
k
(8)TZTZTZTZ
F , k
(8)XYXYXYXY
F < 5.9× 10
−7 GeV−4
k
(8)TXTXTXTY
F , k
(8)TY TY TY TX
F , k
(8)XZXZXZY Z
F , k
(8)Y ZY ZY ZXZ
F < 6.4× 10
−7 GeV−4
k
(8)TXTXTXTZ
F , k
(8)TY TY TY TZ
F , k
(8)XZXZXZXY
F , k
(8)Y ZY ZY ZXY
F < 4.9× 10
−7 GeV−4
k
(8)TXTXTXXY
F , k
(8)TY TY TYXY
F , k
(8)XZXZXZTZ
F , k
(8)Y ZY ZY ZTZ
F < 5.5× 10
−7 GeV−4
k
(8)TXTXTXXZ
F , k
(8)TY TY TY Y Z
F , k
(8)XZXZXZTX
F , k
(8)Y ZY ZY ZTY
F < 1.0× 10
−6 GeV−4
k
(8)TXTXTXY Z
F , k
(8)TY TY TY XZ
F , k
(8)XZXZXZTY
F , k
(8)Y ZY ZY ZTX
F < 5.2× 10
−7 GeV−4
k
(8)TZTZTZTX
F , k
(8)TZTZTZTY
F , k
(8)XYXYXYXZ
F , k
(8)XYXYXY Y Z
F < 3.8× 10
−7 GeV−4
k
(8)TZTZTZXY
F , k
(8)XYXYXY TZ
F < 3.0× 10
−7 GeV−4
k
(8)TZTZTZXZ
F , k
(8)TZTZTZY Z
F , k
(8)XYXYXY TX
F , k
(8)XYXYXY TY
F < 4.2× 10
−7 GeV−4
k
(8)TXTXTY TY
F , k
(8)XZXZY ZY Z
F < 5.6× 10
−7 GeV−4
k
(8)TXTXTZTZ
F , k
(8)TY TY TZTZ
F , k
(8)XYXYXZXZ
F , k
(8)XYXY Y ZY Z
F < 3.6× 10
−7 GeV−4
k
(8)TXTXXYXY
F , k
(8)TY TYXYXY
F , k
(8)TZTZXZXZ
F , k
(8)TZTZY ZY Z
F < 9.7× 10
−7 GeV−4
k
(8)TXTXXZXZ
F , k
(8)TY TY Y ZY Z
F < 1.1× 10
−6 GeV−4
k
(8)TXTXY ZY Z
F , k
(8)TY TYXZXZ
F < 4.3× 10
−7 GeV−4
k
(8)TZTZXY XY
F < 2.4× 10
−7 GeV−4
k
(8)TXTXTY TZ
F , k
(8)TY TY TXTZ
F , k
(8)XZXZXY Y Z
F , k
(8)Y ZY ZXYXZ
F < 3.4× 10
−7 GeV−4
k
(8)TXTXTY XY
F , k
(8)TY TY TXXY
F , k
(8)XZXZTZY Z
F , k
(8)Y ZY ZTZXZ
F < 4.0× 10
−7 GeV−4
k
(8)TXTXTY XZ
F , k
(8)TY TY TXY Z
F , k
(8)XZXZTXY Z
F , k
(8)Y ZY ZTY XZ
F < 5.2× 10
−7 GeV−4
k
(8)TXTXTY Y Z
F , k
(8)TY TY TXXZ
F , k
(8)XZXZTY Y Z
F , k
(8)Y ZY ZTXXZ
F < 4.2× 10
−7 GeV−4
k
(8)TXTXTZXY
F , k
(8)TY TY TZXY
F , k
(8)Y ZY ZTZXY
F , k
(8)XZXZTZXY
F < 2.8× 10
−7 GeV−4
k
(8)TZTZTXY Z
F , k
(8)TZTZTY XZ
F , k
(8)XYXY TXY Z
F , k
(8)XYXY TY XZ
F < 2.8× 10
−7 GeV−4
k
(8)TXTXTZXZ
F , k
(8)TY TY TZY Z
F , k
(8)XZXZTXXY
F , k
(8)Y ZY ZTY XY
F < 5.1× 10
−7 GeV−4
k
(8)TXTXTZY Z
F , k
(8)TY TY TZXZ
F , k
(8)XZXZTY XY
F , k
(8)Y ZY ZTXXY
F < 2.9× 10
−7 GeV−4
k
(8)TXTXXYXZ
F , k
(8)TY TYXY Y Z
F , k
(8)XZXZTXTZ
F , k
(8)Y ZY ZTY TZ
F < 6.0× 10
−7 GeV−4
k
(8)TXTXXY Y Z
F , k
(8)TY TY XYXZ
F , k
(8)XZXZTY TZ
F , k
(8)Y ZY ZTXTZ
F < 3.0× 10
−7 GeV−4
k
(8)TXTXXZY Z
F , k
(8)TY TY XZY Z
F , k
(8)XZXZTXTY
F , k
(8)Y ZY ZTXTY
F < 4.8× 10
−7 GeV−4
k
(8)TZTZTXTY
F , k
(8)XYXYXZY Z
F < 2.9× 10
−7 GeV−4
k
(8)TZTZTXXY
F , k
(8)TZTZTY XY
F , k
(8)XYXY TZXZ
F , k
(8)XYXY TZY Z
F < 2.3× 10
−7 GeV−4
k
(8)TZTZTXXZ
F , k
(8)TZTZTY Y Z
F , k
(8)XYXY TXXZ
F , k
(8)XYXY TY Y Z
F < 3.9× 10
−7 GeV−4
k
(8)TZTZXY XZ
F , k
(8)TZTZXY Y Z
F , k
(8)XYXY TXTZ
F , k
(8)XYXY TY TZ
F < 2.4× 10
−7 GeV−4
k
(8)TZTZXZY Z
F , k
(8)XYXY TXTY
F < 7.3× 10
−7 GeV−4
k
(8)TXTY TZXY
F , k
(8)TZXY XZY Z
F < 2.2× 10
−7 GeV−4
k
(8)TXTY TZXZ
F , k
(8)TXTY TZY Z
F , k
(8)TXXY XZY Z
F , k
(8)TY XYXZY Z
F < 2.9× 10
−7 GeV−4
k
(8)TXTY XYXZ
F , k
(8)TXTY XY Y Z
F , k
(8)TXTZXZY Z
F , k
(8)TY TZXZY Z
F < 3.2× 10
−7 GeV−4
k
(8)TXTY XZY Z
F < 3.4× 10
−7 GeV−4
k
(8)TXTZXY XZ
F , k
(8)TY TZXY Y Z
F < 3.8× 10
−7 GeV−4
k
(8)TXTZXY Y Z
F , k
(8)TY TZXYXZ
F < 3.5× 10
−7 GeV−4
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effects on the DIS cross section of a subset of nonmini-
mal Lorentz- and CPT-violating terms in the Lagrange
density for QCD and QED coupled to quarks. Following
the general approach presented in Ref. [44], we focus on
unpolarized electron-proton DIS, for which it suffices to
limit attention to spin-independent operators. For def-
initeness, we work with spin-independent operators of
lowest nonminimal mass dimension, which turn out to
be governed by the a(5)- and a
(5)
F -type coefficients. Cal-
culation reveals that the a
(5)
F -type coefficients leave unaf-
fected the DIS cross section at leading order, so in what
follows we focus on the experimentally measurable sig-
nals produced by the a(5)-type coefficients.
1. Setup
For electron-proton DIS, the relevant terms in the La-
grange density that involve the valence quarks in the pro-
ton are
− 12
∑
f
a
(5)µαβ
f ψfγµiD(αiDβ)ψf + h.c.
= −
∑
f
a
(5)µαβ
f
[
ψfγµi∂αi∂βψf − qfAαψfγµi∂βψf
+qfAα(i∂βψf )γµψf + q
2
fAαAβψfγµψf
]
,(43)
where some surface terms are neglected. In this expres-
sion, we limit attention to flavor-diagonal effects and the
two dominant quark flavors f = u, d. The coefficients
a
(5)µαβ
f are symmetric under interchange of the last two
indices, a
(5)µαβ
f = a
(5)µβα
f .
At leading order, the DIS process of interest involves
the exchange of a photon between the scattered electron
and the proton. We can therefore in principle expect
Lorentz-violating effects in the photon and electron sec-
tors to play a role, along with potential effects caused
by the binding of the valence quarks to form the proton.
For simplicity and definiteness, we neglect here effects
from the photon and electron sectors, many of which are
already tightly bounded [3]. Note in particular that ex-
isting limits on d = 5 operators in the photon sector lie
far below DIS sensitivities [9, 48]. Also, while precision
studies of d = 5 operators in the electron sector are less
broadly constrained [9, 49, 50], they nonetheless also lie
below the DIS sensitivities estimated below. In contrast,
in the d = 5 proton sector the coefficients a
(5)µαβ
p are
only partially bounded [50], and the existing DIS sensi-
tivities are roughly comparable to those estimated below.
Since the structure of the proton is nontrivial and little
is known about Lorentz and CPT violation in the strong
binding by the gluons and sea species, we treat the coef-
ficients a
(5)µαβ
f and a
(5)µαβ
p as independent here.
Coefficients of the a(5) type affect various particle prop-
erties. Consider first effects at the level of relativistic
quantum mechanics. In the presence of these Lorentz-
and CPT-violating effects, the Dirac equation for a freely
propagating fermion is modified to
(iγµ∂
µ − a(5)µαβγµi∂αi∂β −m)ψ = 0. (44)
For perturbative Lorentz violation, this equation has two
positive-energy and two negative-energy solutions. As
usual, we reinterpret the negative-energy solutions as
positive-energy antiparticle solutions with reversed mo-
mentum. The plane-wave eigenfunctions can be writ-
ten as ψ(s)(x) = exp(−ipu · x)u(s)(p, a) for the positive-
energy solutions and ψ(s)(x) = exp(+ipv · x)v(s)(p, a)
for the negative-energy ones, where pµu = (Eu,p) and
pµv = (Ev,p) are the four-momenta of the particle and
antiparticle, p is the three momentum, and s = 1, 2 la-
bels the spin.
Since the Lorentz-violating terms in the Lagrange den-
sity contain only spin-independent operators, the ener-
gies Eu and Ev are independent of the spins. However,
the Lorentz violation typically implies that Eu 6= Ev, as
can be seen from the dispersion relations
(pµu − a(5)µpupu)ηµν(pνu − a(5)νpupu) = m2,
(pµv + a
(5)µpvpv )ηµν(p
ν
v + a
(5)νpvpv ) = m2. (45)
In these expressions, an index pu or pv implies contrac-
tion with the corresponding four-momentum. For exam-
ple, we write a(5)µpupu ≡ a(5)µαβpuαpuβ . The disper-
sion relations (45) reveal that the energies of the particle
and antiparticle are related by Eu(p, a) = Ev(p,−a), as
is expected given that the a(5)-type coefficients govern
CPT-odd operators.
The momentum-space solutions of the modified Dirac
equation (44) can be written as
u(s)(p, a) =
pµuγµ − a(5)µpupuγµ +m√
Eu − a(5)0pupu +m
u
(s)
0 ,
v(s)(p, a) =
−pµvγµ − a(5)µpvpvγµ +m√
Ev + a(5)0pvpv +m
v
(s)
0 , (46)
where u
(1)
0
† = (1, 0, 0, 0), u
(2)
0
† = (0, 1, 0, 0) and similarly
v
(1)
0
† = (0, 0, 1, 0), v
(2)
0
† = (0, 0, 0, 1). These solutions can
be obtained from the conventional Lorentz-invariant ones
by the substitutions pµ → pµu − a(5)µpupu and pµ → pµv +
a(5)µpvpv . They therefore obey the usual normalization
relations,
u(s)(p, a)u(s
′)(p, a) = −v(s)(p, a)v(s′)(p, a) = 2mδss′ .
(47)
However, the traditional orthogonality relations are re-
placed by
u(s)(p, a)v(s
′)(p,−a) = v(s)(p, a)u(s′)(p,−a) = 0, (48)
incorporating a sign change of the coefficients.
The solutions (46) imply modifications to the conven-
tional spin sums. We find∑
s
u(s)(p, a)u(s)(p, a) = pαuγα − a(5)αpupuγα +m,∑
s
v(s)(p, a)v(s)(p, a) = pαv γα + a
(5)αpvpvγα −m. (49)
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As in the usual Lorentz-invariant case, we can write two
projection operators from these expressions,
Λu(p, a) =
1
2m
∑
s
u(s)(p, a)u(s)(p, a),
Λv(p, a) = − 1
2m
∑
s
v(s)(p, a)v(s)(p, a). (50)
As required, both these operators are idempotent,
Λu(p, a)
2 = Λu(p, a) and Λv(p, a)
2 = Λv(p, a), and
hence can be used as projectors in the two energy sub-
spaces. However, they are no longer directly complemen-
tary. Instead, we find Λu(p, a) + Λv(p,−a) = 1.
FIG. 3. The Aψψ vertex (left) and the AAψψ vertex (right).
At the level of the quantum field theory, the modified
Feynman propagator is found to be
iSF (p) =
i
γµpµ − a(5)µαβγµpαpβ −m+ iǫ . (51)
The Feynman rule for the photon-fermion-fermion vertex
shown in Fig. 3 becomes
−iqΓµ(pin, pout) = −iq[γµ−a(5)αβµγα(pin+pout)β ], (52)
where pin and pout are the four-momenta of the incom-
ing and outgoing fermions. The coefficient a(5)αβµ is also
associatd with a new vertex involving two photon lines
and two fermion lines, as displayed in Fig. 3. The corre-
sponding Feynman rule is
iq2Γ(4)µν = −2iq2a(5)αµνγα. (53)
This vertex does not contribute to the DIS process at tree
level, but it must be included if loops are considered.
2. Cross section and constraints
The DIS differential cross section is a function of the
phase-space variables for the scattered electron. Tak-
ing the z axis as aligned with the incoming beam
direction and denoting by θ, φ the scattering an-
gles of the electron in spherical polar coordinates,
the four-momenta for the incoming electron, incom-
ing proton, and outgoing electron can be written as
kµ = E(1, 0, 0, 1), pµ = Ep(1, 0, 0,−1), and k′µ =
E′(1, sin θ cosφ, sin θ sinφ, cos θ), respectively. The inter-
mediate photon then has four-momentum q = k−k′. It is
convenient to introduce the standard Mandelstam s and
Bjorken x and y variables via
s = (p+ k)2, x =
−q2
2p · q , y =
p · q
p · k . (54)
In the expressions to follow, we can safely disregard the
proton massM because in DIS experiments M2 ≪ Q2 =
−q2 and M2 ≪ 2p · q. The quark masses can similarly
be neglected.
In the presence of Lorentz violation, the unpolarized
differential cross section for the DIS process can be writ-
ten in the form [44]
dσ
dxdydφ
=
α2y
2πq4
LµνImW
µν , (55)
where α is the fine structure constant, Lµν = 2(kµk
′
ν +
kνk
′
µ − k · k′ηµν) is the electron tensor, and Wµν is the
proton tensor. To calculate the explicit form of Wµν , we
use the parton model. Since the coefficients a(5)µαβ are
assumed perturbatively small, we keep only terms at first
order in what follows.
In the standard parton model, the parton momentum
pf = ξp is taken to be a fraction ξ of the proton momen-
tum p. However, the modified dispersion relation (45) en-
forces the conditions p2 = 2a
(5)
p
ppp and p2f = 2a
(5)
f
pfpfpf ,
which are incompatible with pf = ξp. Instead, we as-
sume pµf = ξp
µ + δµf with a small momentum correction
δµf . Noting that p · δf = ξ2a(5)f ppp− ξa(5)p ppp, we find
pµf = ξp
µ − ξa(5)µppp + ξ2a(5)µppf . (56)
The implication of this shift for the parton distribution
functions is an interesting topic for future investigation.
Following the treatment in Ref. [44], we can use the
parton model and the optical theorem to obtain the ex-
plicit form of ImWµν . The contribution involving the
AAψψ vertex shown in Fig. 3 is purely real and so is ir-
relevant in this context. After some calculation, we find
that the contribution involving the Aψψ vertex is
Wµν = − 12
∫ 1
0
dξ
∑
f
q2f
ff(ξ)
ξ
×tr
[
γα(p
α
f − a(5)αpfpff )
(
γµ − a(5)α′β′µf γα′(2pf + q)β′
)
×γβ
(
pβf + q
β − a(5)βρσf (pf + q)ρ(pf + q)σ
)
×(γν − a(5)α′′β′′νf γα′′(2pf + q)β′′)]
×
([
γβ
(
pβf + q
β − a(5)βρσf (pf + q)ρ(pf + q)σ
)]2
+ iǫ
)−1
+(µ↔ ν, q ↔ −q), (57)
We are interested in the imaginary part of this expression.
This comes from the propagator factor,
Im
([
γβ
(
pβf + q
β − a(5)βρσf (pf + q)ρ(pf + q)σ
)]2
+ iǫ
)−1
= −δfδ(ξ − x′f ), (58)
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where
δf =
π
ys
[
1 +
2
s
a(5)p
ppp
+
2
ys
(a(5)p
qpp + 4xa
(5)
f
ppq + 2a
(5)
f
qqp + a
(5)
f
pqq)
]
,
(59)
and x′f = x− xf with
xf = − 2
ys
(xa(5)p
qpp + 2x2a
(5)
f
ppq
+2xa
(5)
f
qqp + xa
(5)
f
pqq + a
(5)
f
qqq). (60)
As a check on these calculations, we have used the
explicit results for δf and xf to verify the Ward iden-
tity qµImW
µν = 0. This requires incorporating both
the modifications in the propagator and in the vertex,
which together insure the preservation of gauge invari-
ance. Note that the photon-photon-fermion-fermion ver-
tex (53) can be omitted from the calculation because it
contributes only at loop level. We also remark that the
modification (56) of the parton momentum is crucial for
the Ward identity to hold.
After contracting the result for the imaginary part of
the proton tensor (57) with the electron tensor Lµν , some
calculation yields the differential cross section as
dσ
dxdydφ
=
α2
q4
∑
f
F2f
[
ys2
π
[1 + (1 − y)2]δf
+
y(y − 2)s
x
xf − 4[1 + (1− y)2]a(5)p ppp
+4(y − 2)a(5)p kpp − 2ya(5)p qpp
− 4
x
(4x2a
(5)
f
ppk + 2xa
(5)
f
pkq + 2xa
(5)
f
qkp
+2xa
(5)
f
kpq + a
(5)
f
qqk + a
(5)
f
kqq)
+2y(4x2a
(5)
f
ppp + 2xa
(5)
f
ppq + 2xa
(5)
f
qpp
+a
(5)
f
qqp + 4xa
(5)
f
ppk + 2a
(5)
f
pkq)
−y2s ηµν(2xa(5)µνpf + a(5)µνqf )
+
4y
x
(2xa
(5)
f
kkp + a
(5)
f
kkq)
]
, (61)
where F2f = q
2
fff (x
′
f )x
′
f . The structure of this result
has enticing similarities to the differential cross section
obtained for c-type coefficients in Eq. (14) of Ref. [44].
The role of the coefficients cpqf in that equation parallels
the role of the coefficients a(5)kpq here.
Given the similarities between the structures of the
differential cross section (61) and the result in Ref. [44],
it is reasonable to expect that the strongest constraints
arise from low-x data. This suggests the best sensitivi-
ties are likely to involve the coefficients a
(5)
f
qqq, a
(5)
f
qqk,
a
(5)
f
kqq , and a
(5)
f
kkq . In principle, data from the H1 and
ZEUS collaborations at HERA [51] and perhaps from a
future electron-ion collider [52] could be analyzed to ob-
tain constraints on the various coefficients a(5)µαβ . Given
that the HERA energies lie in the range 1-100 GeV, the
estimated constraints obtained in Ref. [44] via theoretical
simulation of the HERA experiments suggest it is feasi-
ble to achieve competitive sensitivities of order 10−7-10−4
GeV−1 to the coefficients a(5)µαβ . Verifying this by di-
rect simulation of the experimental effects predicted by
the differential cross section (61) would be worthwhile
but lies beyond our present scope.
Since the laboratory frame for the DIS process is non-
inertial, experimental results must be expressed in an
inertial frame. Most coefficients in the noninertial lab-
oratory frame differ from those in the canonical iner-
tial Sun-centered frame [39] by the time-dependent ro-
tation (42), due to the Earth’s rotation about its axis.
Nonetheless, the differential cross section contains a time-
independent part. The discussion in Sec. III D 3 shows
that the coefficients a(5)µαβ cannot contain a Lorentz-
invariant piece, but the analysis in Sec. III D 4 im-
plies they do incorporate the three isotropic combina-
tions a(5)TTT , a(5)Tjj , a(5)jjT in each of the quark and
proton sectors. These isotropic components can gen-
erate a time-independent contribution to the differen-
tial cross section. Given that the Earth rotates about
the Z axis, we can expect this contribution to be ex-
pressed in the Sun-centered frame in terms of the co-
efficient components a(5)TZZ , a(5)TTZ , a(5)TTT , a(5)ZTT ,
a(5)ZZT , a(5)ZZZ , a(5)TXX+a(5)TY Y , a(5)ZXX+a(5)ZY Y ,
a(5)XXT + a(5)Y Y T , a(5)XXZ + a(5)Y Y Z .
The time-dependent part of the differential cross sec-
tion involves contractions of the coefficients a(5)µαβ with
three four-momenta. It therefore contains harmonics of
the sidereal time up to third order in the Earth’s side-
real frequency ω⊕ ≃ 2π/(23 h 56 min) [45] and can be
expanded in the form
σ(T⊕, x,Q
2) = σSM (x,Q
2)
(
1 + a
(5)λµν
f ′ α
f ′
λµν
+a
(5)λµν
f ′ β
f ′
λµν cosω⊕T⊕ + a
(5)λµν
f ′ γ
f ′
λµν sinω⊕T⊕
+a
(5)λµν
f ′ δ
f ′
λµν cos 2ω⊕T⊕ + a
(5)λµν
f ′ ǫ
f ′
λµν sin 2ω⊕T⊕
+a
(5)λµν
f ′ ε
f ′
λµν cos 3ω⊕T⊕ + a
(5)λµν
f ′ ζ
f ′
λµν sin 3ω⊕T⊕
)
,
(62)
where αf
′
λµν , β
f ′
λµν , γ
f ′
λµν , δ
f ′
λµν , ǫ
f ′
λµν , ε
f ′
λµν , ζ
f ′
λµν are func-
tions of x and Q2, and summation over the flavors f ′ = f
and p is assumed. The explicit forms of these functions
can be obtained from Eq. (61). Note that the appearance
of third harmonics is a qualitatively new feature relative
to the results in Ref. [44].
Finally, we remark that the coefficients a(5)µαβ gov-
ern CPT-odd operators, so their contribution to the dif-
ferential cross section change sign if the proton is re-
placed with an antiproton. This can also be verified
by an explicit calculation of the antiproton version of
Eq. (57). Since the coefficients belong to the quark
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and proton sectors, they have no effects on the lep-
ton or photon. Also, neglecting masses implies that
the projectors for electrons and positrons are equal,∑
s u
(s)(k)u(s)(k) =
∑
s v
(s)(k)v(s)(k), so the electron
tensor Lµν |e− and positron tensor Lµν |e+ are identical.
As a result, replacing the electron with a positron has
no effect in our calculation. The four possibilities for the
cross section are therefore related by
dσ
dxdydφ
∣∣∣∣
e−p,a
=
dσ
dxdydφ
∣∣∣∣
e+p,a
=
dσ
dxdydφ
∣∣∣∣
e−p,−a
=
dσ
dxdydφ
∣∣∣∣
e+p,−a
. (63)
Any differences between these cross sections could in
principle be used to isolate effects from the coefficients
a(5)µαβ and hence as a direct test of CPT symmetry.
V. SUMMARY
This work investigates Lorentz- and CPT-violating op-
erators in gauge field theories. We construct gauge-
invariant terms of arbitrary mass dimension d in the La-
grange density describing fermions interacting with non-
abelian gauge fields. The construction is based on a
technical result, demonstrated in Sec. II, that any gauge-
covariant combination of covariant derivatives and gauge-
field strengths can be written in the standard form (2).
The form of a generic gauge-invariant term in the La-
grange density is discussed in Sec. III. Explicit expres-
sions for all terms in the spinor sector with d ≤ 6 are
given in Table I, while all terms in the pure-gauge sector
with d ≤ 8 are displayed in Table II. We then discuss
several interesting limiting cases of the general formal-
ism. One is Lorentz-violating QED, for which all op-
erators with d ≤ 6 are collected in Table III. Another
is the Lorentz-violating theory of QCD and QED with
multiple flavors of quarks, which has terms with d ≤ 6
compiled in Table IV. A third limit of interest is the
Lorentz-invariant case, where the relevant operators are
presented in Table V. We also consider the situation
where Lorentz violation is isotropic in a specified frame,
restricting attention to the operators listed in Table VI.
To illustrate the application of the results, we study
two experimental scenarios in Sec. IV. First, correc-
tions are calculated to the cross section for light-by-light
scattering arising from nonminimal operators appearing
at tree level in Lorentz-violating QED. The results are
combined with experimental data obtained at the LHC
to place first constraints on 126 nonlinear operators with
d = 8, collected in Tables VII and VIII. Second, we deter-
mine the modifications to the cross section for DIS arising
from certain nonminimal Lorentz- and CPT-violating op-
erators in the theory of QCD and QED coupled to quarks.
The expression (61) for the differential cross section sug-
gests that an analysis of existing data has the potential to
place first constraints on the corresponding nonminimal
quark-sector coefficients.
The framework developed here encompasses a large va-
riety of physical effects, making them accessible to quan-
titative theoretical analysis. It is evident that many av-
enues for phenomenological and experimental investiga-
tion of realistic gauge field theories remain open for future
investigation, with a definite potential for the discovery
of novel physical effects.
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